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PROCEEDINGS
·of the
SEVENTH TECHNICAL SESSION
Column Research Council
Engineering Foundation
May 1957
FOREWORD
The Seventh Technical Session of the Column
Research Council of The Engineering Foundation
was held at Lehigh University, Bethlehem, Pennsyl-
vania, on May 16, 1957. The Technical Program was
organized by Research Committee D, of which N. J.
Hoff is Chairman. This report comprises the techn~­
cal papers presented at that program.
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I. INTRODUCTION
By N. J. Hoff
The calculation of the buckling load of columns has been a favorite topic
for analytical and exp~rimental investigators ever since Euler derived his col-
umn formula in 1744. The major facts about column behavior are well-known to
all engineers interested in fundamental concepts; however, research work is
still continuing on many details because further refinements of the evaluation
of the buckling loads is desirable in the interest of safety and economy.
In particular, more information is needed on buckling when it takes place
in a truss having rigid joints. In such a case, the buckling load of the most
highly compressed element depends not only on its own rigidity but also on the
rigidities of all the other elements of the truss. The purpose of the techni-
cal session today is to give a review of known facts about this phenomenon.
This review includes advances made in this field in research carried out under
the sponsorship of the Column Research Council.
It is an old axiom that the most convincing argument in connection with a
physical phenomenon is an experiment carried out before the eyes of the audi-
ence. This is"the reason why one of the space frameworks tested at the Poly-
technic Institute of Brooklyn close to ten years ago* has been set up in the
laboratory of Lehigh University where this talk is given. The space framework
consists of two trusses welded of steel rods, each consisting of three panels,
with four planes of cross bracing connecting the two trusses. As the length
of the side of each square panel is 20 inches, the height of the space frame-
work is the same, and its length is 60 inches: The load is applied through an
extension 60 inches long and attached to the test specimen by means of pin
joints.
When the vertical load is applied at a distance of 60 inches from the·
fixed end of the specimen, the space frame is subjected to bending and shearing.
Under these loads it bends, and the point of load application moves in the down-
ward direction in proportion with the load. When the critical load calculated
in accordance with theory is reached, the deflections can be increased consid-
erably without any change in the value of the applied load. At the same time,
it can be observed that not only the most highly compressed member of the spa~e
frame buckles but also that the rotations of each end of this member induce ro-
tations of the ends of all the other members connected to the same joint. The
*Buckling of Rigid-Jointed Plane Trusses, by N. J. Hoff, Bruno A. Boley, S. V.
Nardo, and Sara Kaufman, Transactions, ASCE, Paper No. 2454, Vol. 116, p. 958,
1951.
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entire truss assumes a distorted shape and the rotations reach considerable val-
ues as the point of load application of the structure is further deflected.
The two interesting facts about this behavior concern the existence,of a
true critical load and the interaction among all the members of the framework.
The possibility of deflecting the framework without any increase in the applied
load is proof of the existence of a true critical load in the sense of the clas-
sical the9ry of instability. The fact that most of the members of the truss are
seen to be consi~erably bent when the critical stage is reached, conclusively
indicates this interaction. An interesting detail is that the same framework
was used for. classroom demonstration at the Polytechnic Institute of Brooklyn
for close to 10 years. 'This fact shows that the critical condition was reachea
and that large rotations of the joints were possible without exceeding the elas-
·tic limit of the material in the bars.
Naturally, these physical observations must be duly considered when a theory
is developed for the evaluation of the buckling load of a truss. As a matter of
fact, it is not possible to calculate in a rigorous manner the buckling load of
any individual member of the truss alonej as each member is strengthened or weak-
ened by the action of the adjacent members, one phould properly speak of the buck-
ling load of the truss as a whole.
In the paper the author wrote jointly with Bruno A. Boley, S. V. Nardo, and
Sara Kaufman,at the Polytechnic Institute of Brooklyn, earlier suggestions made
\by Professor Alfred S. Niles of Stanford University and Mr. E. E. Lundquist of
the Langley.Memorial Laboratory of the National Advisory. Committee for'Aeronau-
tiGs were utilized in deriving a straightforward numerical procedure to deter-
mine the critical condition. It was shown th~t the computer making use of the
ordinary techniques of the civi~ engineer can arrive at a final distribution of
the moments in a truss with the aid of the Hardy Cross moment distribution meth-
od only if the truss is in stable equilibrium. When the loading of the truss
is higher than the criticai one, the Hardy Cross moment distribution method di-
verges and the unbalanced moments accumulated at the joints after a number of
cycles of the moment distribution process become greater than were the unbal-
anced moments at the same joints before the start of the distribution process.
This is true, of course, only if the stiffness' factors and the carrYover factors
of the individual members are determined with due consideration of the effects
of the end loads.
A simple and straightforward procedure is therefore available for the de-
termination of the critical condition of the truss. It is only necessary to
multiply the applied loads by a number of safety factors bracketing the value
which corresponds to the critical condition and to carry out moment distribu-'
tions with a number of the load values so obtained. In general, it is always
possible to obtain convergence with alload just slightly below, and divergence
with one,,just a little above, the critical load. The accuracy of the analysis
.is satisfactory for engineering purposes.
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In the investigation carried out at the Polytechnic Institute of Brooklyn, '
eight space frameworks were tested and the agreement between theory and experi-
ment was found goo~ when the members were slender and reasonable when the mem-
bers were short. By an approximate theory, the effects of gusset plates and of
stresses exceeding the elastic limit of the material were a~so taken into account.
Of course, the investigation described did not represent the final solution
of all the problems encountered in the analysis of the buckling loads of tru~- '
ses. More information on the effects of gusset plates, initial deviations from
straightness of the members, eccentricity of the attachment of the members to
the joints, and the inelastic behavior of the material was needed than was pre-
sented in the paper. Moreover, recommendations for simplified methods of analy-
sis were desired because application of the moment distribution method entailed
a considerable amount of work.
A great deal of information on these-topics has become available since the
publtcation of the paper mentioned. The thre~ main lectures of this technical
session'deal with most of these topics as well as with a number of others that
are of importance in a more accurate evaluation of the buckling loads of columns
when they are members of frames or trusses.
, .~
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,II. RATIONAL SIMPLIFICATIONS FOR THE BUCKLING LENGTH OF COLUMNS*
by
Thomas C. Kavanagh, Sc.D. (Engrg.)**
Abstract
Most contemporary structural specifications (and particularly
those for structural steel) omit any reference to effective lengths
of columns, thereby assuming a constant buckling length equal to the
actual column length for al~ types of columns. That this can lead
to serious overdesign on the one hand, or hazardous underdesign on
the other, is evidenced by the fact that a fixed slender column will
carry four times the load of an identical pin-~nded column before
buckling, while a "flag pole column" will carry only one-fourth the
pin-ended load. The situation is far more serious than this, how-
ever; a column may actually have a buckling length up to infinitely
larger than its actual length, depending upon its end restraints.
This paper reviews the extensive research results by the writer
and others over the past decade leading to a complete and rational
clarification of this problem for designers. The approach, proceeds
from the rigorous, though still somewhat laborious solution, to
rational approximations via formulas and charts and classification
of type of action, which permit a rapid selection of the proper ef-
fective length.
Foreword and Acknowledgments
The following paper summarizes one of the most extensive and (from a practi-
cal standpoint) important structural research efforts of the past decade, which
has engaged over this period the attention not only of the writer but of numer-
ous other investigators as well. This research concerns itself with the deter-
mination of the correct theoretical basis for a rational statement of effective
length of columns for use by the practical structural design engineer.
*This paper has been accepted for publication in the Annals of The New York Acad-
emy of Sciences. Private distribution by Column Research Council is not in lieu
of publication. Permission must be obtained from the author and The New York
Academy of Sciences for use in any printed reference, the Press excepted.
**Consulting Engineer and Partner, Praeger-Kavanagh, Engineers, New York.Ad-
junct Professor of Civil Engineering, Columbia University Graduate School.
5
, Elementary theory teaches that a pin-ended column has an effective length
equal to its actual length, but such idealization is not necessarily applicable
in practice because of the varied end restraints present. The dilemma may be
most readily recognized in the light of the correct statement that, theoreti-
cally at least, it is possible for the effective length ofa column to vary any-
where from zero to infinity times the actual column length~ It is a matter of
awe that a subject having so fundamental an effect on both the safety and econ-
omy of the structure has been so blandly, ignored in specifications in the past.
As in all modern research endeavors, the ,efforts to solve the above prob-
lem have been carried out by many hands and minds functioning in some respects
as a "team 11 and yet in other respects with a large degree of independence and
even overlapping work. The common bond has been the Column Research Council of
the Engineering Foundation, under whose aegis the results have been gathered
for eventual condensation and approval. Prominent inv~stigators who have worked
on various phases of the problem include such names as F. Bleich~ H. Bleich,
Hoff, Winter, Newmark, Slavin, Perri and others (see Bibliography), and their
accomplishments are respectfully acknowledged by the writer.
,
This paper represents an enlargement of an oral and unpublished commentary
and review of the research results on this subject, delivered by the writer be-
fore the Annual Meeting of the Column Research Council in 1957. The opinions
and evaluation of procedures, are solely those of the writer, as developed
against the background of his own research investigations which started about
12 yearsagoj and no endorsement or approval of any of the opinions by the Col-
umn Research Council is intended to be implied. The recommendations of that
agency on the subject are not expected to find formal statement for approximate-
ly another two years, when a guide for specification writers is expected to be
released covering the general requirements to assure structural stability in a
modern building code. It will represent one of the most outstanding efforts at
rationalization of structural design procedures to be attempted in t~is country
since the beginning of this century.
Introduction
The specific problem to be covered by these commentaries is the determina-
tion of the effective length of a compression member for use in design or analy-
sis. In general, the presentation proceeds from the more rigorous methods to
the various simplifications or approximations.
/
Compression Member with End Restraints
The behavior of a compression member which in practice is almost univer-
sally part of a structural framework is determined by the several restraints im-
posed by the framework upon the ends of the member. It is perhaps fortunate, that
one 'is thus able to focus attention immediately upon the individual compression
\
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member itself with its so-called "end conditions" imposed by the framework, since
it is characteristic of normal design procedure to concentrate on the design of
the individual members rather than the total framework itself. Even where analy-
sis, rather than design, is involved (as in rating a given column in a bridge
for permissible load) it is more convenient to deal ~ith the individual column
and its restraints than to consider the framework as a whole.
Rigorous methods of calculating the stability of compression members which
are part of rigid jointed frameworks are available and have been checked by tests
(refs. 1 to 13 inclusive). These methods involve the application of any of the
classical or modern techniques of indeterminate analysis, modified to take account
of the effect of axial loads and of plastic action Gn the stiffness or rigidity
of the member. These procedure~ are ·far too complex for, and are not directly
applicable to, routine design except through the equivalence of these procedures
to the determination or approximation of end restraints on the component members
of the framework.
End Restraints,
These end restraints are of various types, may occur in several directions
and may also vary in magnitude as the axial loads in the framework change. The
restraints themselves may be flexural or torsional restraints, comprising a ro-
tational restraint or rigidity offered by the framework against the angular ro-
tation of the ends of the compression member in either or all of the three nor-
mal planes at each end. Or, the restraints may be translational, sometimes de-
noted "directional," involving resistance by the framework against linear move-
ment ("deflection" or "tranSlation") of the ends of the compression member in
three normal directions at each end. In general, these two types of restraints
may be thought of as analagous to springs, either rotational (SUCh as the main-
spring of a watch) or translational (such as a spring balance). The numerical
magnitude of the restraints, or the cor~esponding "spring constants" (measured
in typical units as foot-pounds per radian, or as pounds per inch respectively),
need not be (and actually a~e not) constants, but vary with loads. The ,varia-
tion is further complicated by non-linear stress-strain relations in the plas-
tic range.
American engineers familiar with moment distribution will immed~ately rec-
ognize that a flexural restraint against rotation of one end of a compression
member offered by an adjacent member in the same plane is the same as the stiff-
nesp of ~he adjacent member. The absolute value of this in the elastic range
(Where no axial load exists in the restraining member) is known to be the fol-
lowing for the two limiting conditions at the far end:
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To modify for effects of axial load (tension or compression) in the restraining
member, these values (ref. 1) become, respectively:
K = 48 EtI
----r- K"
48" EtI
= ----r- (la)
where Et = Tangent Modulus of Elasticity, and 8 and 8 " are values taken from
the graph of Fig. 2 (ref. 22) or· from extended tabular values (ref. 15).
. q
Engineers working with moment distribution on rectangular frames are also
familiar with the concept that a translational restraint offered by a member
against horizontal movement of its end (when no axial loads are present) has
either of the following values of limiting translational stiffness of that mem-
ber:
h iI1-T ..b l(~' ( • T bI /
I /
L E,I / L E,I I/
./ I
a I a
T = 12 EI Fig.3 T" 3 EI (2)L3 L3
To modify for effects of axial load (tension or compression) in the member,
these values (ref. 6) become, respectively:
-
T = EtI [8S(1 + C) _az] TIl = EsF' _PL'] (2a)~ EtI EtI
where Et = Tangent Modulus of Elasticity, P is the absolute value of the load
in the member, and 8, 8" and C are taken from the graphs above, or from the cor-
responding published tabular values.
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Torsional rotational restraints need not be gone into here since tneir ef-
fects may be disregarded for ordinary frameworks.
Simplification of Frameworks
Alth9ugh the stability of the compression member has been considered above
in terms of a member in a general space framework, it is convenient to break
down the structure into plane frameworks and to consider the buckling of the mem-
ber in terms of its buckling within the plane of the main framework of which it
is a part (such as a main bridge truss), and again as buckling normal to the main
framework (sometimes spoken of as "out of the- plane ll ) such as that which takes
place in the plane of the horizontal bracing of a bridge truss. Buckling of the
compression member due to torsional restraints (against twisting of the member)
at its ends is not considered here, but may be included where desired; in most
conventional frames it is not of consequence, particularly since restraints
against twisting are usually very large.
Types of Buckling
The compression member in a plane framework may be characterized as to the
type of buckling failure to which it is- sUbjected,as follows:
a) That in which the translational rigidity at the ends
SO great that little or no translation takes place.
action usually is found in truss frameworks).
of the member is
(This type of
b) That in which both translation and rotation of the ends of the member
are possible. (This type of action is usually found in open rectangu-
lar rigid frames).
c) That in which rotational rigidity at the ends of the member is so
great that little or no rotation takes place. (An example is arec-.
tangular rigid frame with extremely heavy or stiff upper horizontal
cross member.) This type of buckling is usually grouped with b),
leaving t~o simple gen~ral categories: buckling with rotation only;
and buckling with rotation and/or translation.
/ Special cases of the above would include the conditions wherein. either the
translational or rotational rigidity (or both) at on~ (or both) ends of the com-
pression member is zero. (One example would be a rectangular rigid frame with
vertical columns fixed at their bases but hinged at their tops.)
- .
A classification of the type of buckling is extremely important in design
of compression members, because the presence of translation (sideway) has a
major and often 9verwhelming effect for certain types of frameworks (non-tri-
angular) .
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Limitations
The treatment which follows is perfectly general and applies to steel,
aluminum alloys, and other structural metals. In certain instances, notably
with structural steel, important simplifications are possible because of the
relatively rapid transition between elastic and plastic action, and these will
be cited as they occur.
The theoretical bases of the buckling action of a column 'in a plane frame-
, , \
work have been well established by tests and by usage for frameworks where the
members are subject to axial loads only. ~ecognition of this is indicated by
the inclusion of provisions for this type of buckling-action in the official
specifications of other countries such as Great Britain and Germany (refs. 19,'
20).
The writer will confine his remarks to such frameworks where axial load ef-
fects predominate. Engineers familiar with stability problems will recognize in
this treatment the solution of an indeterminate type of system by energy methods
or other analytic procedures leading to a system of linear simultaneous equations,
the 'vanishing of the determinant of which. furnishes the stability criterionj or
by convergence methods, such as moment distribution or re'laxation, in which sta-
bility is tested by ~ simple physical concept.
The effects of primary or secondary b~nding moments already present in
many frameworks at the instant th~ system passes from stable to unstable equi-
librium are omitted in this discussion. In general these problems differ from
the previous in that the concept of stress as a criterion for stability is in-
troduced.
. I
It must be noted that the findings with respect to frameworks subject to
axial loads apply to loads which produce elastic or plastic stresses in the
c0mpression member or in its restraining members of the framework. This is pos-
sible as long as the concept of an effective or reduced modulus is used. The
tangent modulus is accepted as the effective modulus both for tension as well
as compression members. The treatment which follows applies to the buckling of
compression members which are straight, homogeneous and of constant cross sec-
tion.
Effective Length
The end restraints on a compression member of length,L, once calculated,or
approximated in magnitude, determine the value of the effective length kL to be
used in the design column formula. An example of such design formula is the
general Euler formula:
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p = or cr
wherein P = critical or buckling load.
cr critical or buckling average stress.
Et = effective modulus (= tangent modulus).
I moment of inertia of the cross section of the member.
r = radius of gyrati.on of the cross section of the member.
L length of the member.
k = factor by which actual length must be multiplied to obtain the
reduced length.
For certain theoretical end conditions, k is known and ,may be inserted immediate-
ly in the above equation without further calculation:
P-,A :A"- P k 1
P- ~ ::A ...-p k = 0.7
p--. ~ i +---P k 0·5
P- t ~P k = 2
For actual columns in structures wherein infinite rigidity corresponding
to fixed ends, or zero rigidity corresp~nding to hinges, or complete freedom
to translate corresponding to a free end, are not encountered, the k values may
vary between or greater than any of those shown above. For example, in a rigid
frame with hinged bases, as shown below, the value of
\
\
P \ P\
II ~ I
kL
---
--// IL / // /
/
Fig. 4
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k may actually approach infinity as the flexural rigidity of the horizontal mem-
ber decreases toward zero. Thus, in actual structures it is necessary'to apply
a procedure for determining k more in line with the actual magnitudes. and types
of restraints existing.
The effective length factor (k) may be determined from the solution of ap-
propriate equation for the buckling of a compression member with known end re-
straints, provided the magnitude of these restraints is known or can be approxi-
mated.
a. Buckling of a Compression member with known Rotational (Flexural) Re-
straints at ends, but with no translation (ref. 1)
p . RO EttI
Rb P~o :t!~ ..b
r I. L .1
Fig.5
(4)
Where Ra , Rb = rotational restraints (foot-lbs per radian) at
ends A and B respectively.
K absolute rotational stiffness of the member, far
, '
end fixed. No translation either end. (Eq. la)
K't = absolute rotational stiffness of member, far end
pinned. No translation either end. (Eq. la)
Both K and K" are trigonometric functions of the applied load P, per
equation (la) prev~ously stated.
To design a column for a given load and end restraints using this
equation, one would select a trial cross section, calculating the area
and moment of inertia I. The average stress, then, P/A~ would enable
determination of Et and the above equation would be tested. The cross
section would be modified by trial until the equation is satisfied.
b. Buckling of a Compression member with known rotational and translation-
al restraints at both ends. (The ~ranslational restraints may be re-
placed by an equivalent at one end only.)
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The same equation(4) applies , with the exception that K and K"
are replaced by more complex expressions Kand K", ~epresenting rota-
tional stiffnesses of the member with far'end fixed and pinned, re-
spectively, but with the near end translationally restrained by a
linear spring of stiffness Tb pounds per inch, as follows (ref. 6):
=
p
· t~·_a E_t_~I b f T:
Fig.6
K [i1 - c) ; .(1+ Cl]
·Tb = translational' restraint at b.
p
T = translational stiffness of ab per (Eq. 2a) ..
C = carry-over factor from previous charts.
The application to design would again be by trial and error, with re-
peated modification of a trial cross section until the equation is
satisfied.
Approximation of End Restraints
The investigations of this writer and_others indicate that the end re-
straints on compression members of frames of the type (a) without translation
(such as trusses) can be' approximated satisfactorily and without impairing either
the safety or economy of the structure by considering each compression member
restrained rotationally only by the "adjacent" tension ahdminor compression mem-
I '
bers coming into its ends. Thus, in a bridge truss, a top chord 'compression mem-'
ber may be considered restrained rotationally by the diagonal and vertical members
coming into its ends, and if the far ends of the adjacent members be considered'
as pinned, a conservative result will be achieved. Such approximation thus neg-
lects the effects of restraining members far removed from the compression member
and which by extension of the St. Venant principle have small effect on the mem-
ber. Such so-cailed "three-bay groups" with the compression member in the cen-
tral bay, will in general form the .basis for approximation of end rotational
14
restraints henceforth in this report where no translation is involved.
A B A B B' ceo
/\\7/\
E F
Fig.7
Where two highly stressed compressive members (such as'AB and Be, in Fig. 7)
are restrained by a common restraining member BE, the restraint of BE should be
divided in design between the two compressive members. In analysis, the prora-
tion of the restraint cannot be made arbitrarily, but would be such as to pro-
duce critical loads simultaneously in the two compression members .
.-
Chart Solutions
The solution of equations of the type of Eq. 4 for the buckling of restrained
columns with rotational restraints only in structures of type (a) previously de-
fined is greatly simplified by the use of charts and nomograms, many of which have
been prepared for this purpose. The following are typical illus~rations:
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One approximation of the graphical solution whiqh yields acceptable ac-
curacy is to use only a single line chart for the buckling of a member ab with
equal rotational restraints at each endJ and to compute th~ buckling load of a
member ab with unequal restraints as equal to the geometric mean of the buckling
loads of the ,member calculated first with symmetrical restraints RaJ and second
with symmetrical restraints Rb
A very convenient simplification of the Solution of Eg. 4 is also possible
by use of the following approximation of Newmark (ref. 16) for end fixity from
the known rotational restraints J the error being less than 4%:
1 ~ (,2 +4":) (,2 +411b~ (5)
k2 :rc2 + 2na, :rc2 + 2nb
where na Ra/(EtI / L)
TIb = Rb/(E-ttI / L)
RaJ Rb = end rotational restraints.
A graphical solution for the buckling of a compression member elastically
restrained by both flexural (rotational) 'restraints and by translational re-
straints in structures of type (b) defined above J is presented below. In gen-
eral this buckling condition is difficult to simplify and to generalize except
for specific types of structure3 J such as rigid frames. Solutions for various
types of such structures will therefore be given in greater detail at a later
point in this report. (See Fig. ' 10 )
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Fig. 10
Application of previous 'chart:
p ~Qi:a Et t ! :\t p•L Tb
Let ea: Ra ; Rt= eb =EtI / L EtI / L
fa
Ta
fb
Tb
=
EtI / L
=
EtI / L
,F 1 1= - - -
fb fa
Lay in curve which bisects those curves representing given values of ea and eb;
determine intersection of this I1middle l1 curve with the curve for given F; read
horizontally in right or left margin the value of ~/k. If multiple solution,
choose lowest value of ~/k. '
Example: ea = 10.28, eb ='27.40, F = 00: read ~/k = 3.03; k = 1.04. The
co~umns eoo and Foo give the location of asymptotes to the e and F curves and are
of interest in special cases, such as, ea = eb.
Recapitulation
The treatment thus far has been perfectly general, and while quite satis-
factory for analytical purposes, is perhaps too involved for specification use
except on a broad,basis. It must be understood that Eq. 3, the Euler formula,
and equations 01' the form of Eq. 4, covering the buckling of elastically re-
strained members, both are fundamentally identical. In Eq. 4, however, one
de~ls directly with the numerical values of the restraints, and although the
length factor k enters through substitution of its value from Eq. 3, the funda-
mental need for an evaluation of k and its subsequent use in Eq. 3 for design
has been obviated, since by the procedure thus far presented the design takes
place as part of the solution fqr Eq. 4. All axial loads considered in these
equations are ultimate loads and the analysis becomes one of ultimate rather
than working loads.
In/general, therefore, and particularly since designer~ are accustomed and
will continue to work with column formulae of the type of Eq. 3, it appears
preferable to utilize alternate procedures whiGh give specific values for k
for certain classes of members and configurations, for later use with a colUmn
formula.
Specific applications of this last idea follow.
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n = No. of compres-
sion chords.
A. Frameworks with Little or No Translation of Joints
In triangulated truss frameworks, loads are usually applied to the joints
themselves, producing axial loads in the members if the joints are hinged. De-
flections of the members normal to their line of action are relatively small and
are due to the axial deformations of the members under load. If the joints are
,rigidly connected, as by welding or by ,using heavily riveted gusset plates, some
secondary bending is induced. The effect of these secondary distortions on the
buckling of the truss framework is usually small and may be neglected in the
buckling analysis. This materially simplifies the problem, which thus reduces
to that of a column elastically restrained against rotation at both ends.
Chords of Trusses
The most simple, though conserv.ative, recommendation that can be made with
respect to compression chords of truss frameworks is that the effective length
of each member against buckling within the place of the truss be taken as the
theoretical length L (distance between panel points); i.e., k = 1.
'\
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Fig.1I
Such a generalization disregards the restraints offered by web members or
by the adjacent compression chord members. For trusses with a fixed live load-
ing (such as roof trusses), the neglect of the restraint offered by adjacent com-
pression chord members to each other is justifiable because all such members
would approach their buckling load simultaneously as the loads are increased,
and are therefore incapable of offering restraint. For trusses with moving live
loads (such as bridge trusses), such justification may not be strictly -valid for
all truss configurations; nevertheless, for the usual patterns of trusses there
is sufficient similarity of loading producing maximum chord stresses in all chords
to warrant acceptance of this generalization.
If the junctions of the chain of n compression chords at the truss supports
are rigidly connected with the tension chords, the following formula (ref. 7)
may be considered to take account satisfactorily of the additional restraint
thereby provided, if the chords have constant cross section:
~v~Fig.12
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k = .Jl - [5/(4n)] (6)
As indicated previously, the above assumptions neglect restraints afforded
by tension and lightly loaded compression diagonals, and therefore result in a
conservative solution. To take advantage of these actual restraints, the more
general solution of the compression member with 'rotational end restraints (Eq.
4 or graphical solutions) should be resorted to where n is the number of com-
pression chords between supports.
The above simplifications can also be applied to the determination of ef-
fective length of chords against buckling normal to the truss, and where the
chord becomes a component of, say, an upper horizontal bracing truss system.
Where a bracing system is lacking, as is the case with Pony trusses, the above
approximations do not apply, and resort must be taken to procedures recommended
by researchers investigating this type of action for the Column Research Council.
Web Members
If restraints of tension diagonals be disregarded, compression diagonals
may be considered as flexurally restrained against buckling in the plane of the
truss by adjacent upper and lower chord members (see Fig. 13), yielding the
following tabular solution for k (see p. 23) based on cert~in simplifying as-
sumptions:
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. A simpler and more conservative table (ref. 8) results from neglecting the
restraints offered the web members by the compression chords, and by assuming
equality of effective modulus for the diagonal and lower chord, as follows: (see
p. 24)
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Effective Length Factors (k) for Diagonals (Ref. 8)
0 u =
0 0.05 0.10 0.15 0.20 0.25 0.30
0.2 0·52 , 0·53 0.55 0.56 0·57 0.58 0.59
0.4 0.54 0·55 0.57 0.58 0·59 0.60 0.61
i = 0.3 0.6 0.59 0·57 0.58 0·59 0.60 0.61 0.62
0.8 0·57 0.58 0.59 0.60 0.61 0.62 0.63
1.0 0.58 0·59 0.60 0.61 0.62 0.63 6.64
0.2 0.53 0.54 0.55 0·56 0·57 0.58 0.59
0.4 0·55 0.56 0.57 0·58 0·59 0.60 0.61
i = 0.4 0.6 0·57 0.58 ' 0.59 0.60 0.61 0.62 0.63
0.8 0.58 0·59 0.60 0.61 0.62 '0.63 0.64
1.0 0·59 ' 0.60 0.62 0.63 0.64 0.64 0.65
0.2 0.56 0.57 0~57 0.58 0·59 0.60 0.60
0.4 0.58 0·59 0.59 0.60 0.61 0.62 0.62
i = 0.5 0.6 0.59 0.60 0.61 0.62 0.63 0.64 0.64
0.8 0.60 0.61 0.62 0.63 0.64 0.65 0.66
1.0 0.61 0.62 0.63 0.64 0.65 0.66 0.67
,
0.2 0.61 0.62 0.62 0.63' 0.63 0.64 0.64
0.4 0.63 0.63 '0.64 0.65 0.65 0.66 0.66
i = 0.6 0.6 0.64 0.64 0.65 0.66 0.66 0.67 0.67
0.8 0.64 0.65 0.66 0.67 0.67 0.68 0.69
l.0 0.65 0.66 0.66 0.67 0.68 0.69 0.69
.
,
0.2 0.70 0.70 0·70 0·70 0.71, 0.71 0·71
0.4 0.70 0·70 0.71 0.71 0.71 0.72 - 0.72
i = 0.7 0.6 0·70 0.70 0.71 0·71 0.72 0·72 0.73
0.8 0.70 0·70 0.71 0.72 0.72 0.73 0.73
1.0 0·70 0·71 0.71 0.72 0.73 0·73 0.74
0 = 1c.!D
LnIC
u 1 LJrIn=
-3 LnIT
i = ~ !]. ~ EtD
LD Pn Ie Etc 23
Web Member Approximations for k
1 LT ID
---
6 LD IT
'k
0 0.700
.02 0.714
.04 0.724
.06 0.7"53
.08 0·749
.10 0.760
.12 0·770
.14 0·779
.16 0·788
.18 0.797
.20 0.805
,
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A more general approximation resulting from the above is that web members
be designed for a reduced length kL equal to 0.8 times the actual l~ngth..
For the case of crossed diagonal members of trusses (Fig. 14), the follow-
ing tabular values of effective length factor k may be employed (ref. 8):
'\.)(
/ '\.
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Effective Length Factors - Crossed Diagonals.
2 (EI L)T
"3 (EI L)D k
0 0.437
0.2 0.449
0.4 0.457
. I
0.6 0.463 ,
0.8 0.467
1.0 0.471
1.2 0.474
1.4 0.476
1.6 0.478
A more general approximation of the above is to use a reduced length kL equal
to 0.5 times the actual length of the diagonals.
For the case of the vertical web members in K-trusses, with buckling per-
pendicular to the plane of the truss, the following approximations for k should
be employed (ref. 7):
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Effective Length Factors - K Truss Webs
~fr1 k
o
0.2
0.4
0.6
0.8
::: 1. 0
0.']3
0.67
0.62
0.57
0.53
0.50
In general, the above approximations for web members apply to trusses with
fairly uniform spacing of panels and without unusual configurations. Where the
web members re~eive their maximum axial load under a moving live load system
which does not simultaneously produce maximum axial loads in the chords, (as
with bridges, crane runway's, .etc. ), the chords will offer considerable restraint,
and the approximations of p. 23 appear justifiable. Where the live loading on
the structure is fairly stationary (as in the case of roof trusses), producing.
maximum loads more or less simultaneously in all members, then the restraints
offered to compression diagonals by the compression chords will be zero. A
proper simplification of this last case will be to design all such web members
for k values given at the top of p. 24.
For buckling perpendicular to the plane of the main trus~, the diagonals
should be designed for k = 1 unless more detailed knowledge of the makeup of the
cross frames (perpendicular to the truss) is available. 'For example, with cross
frames of type 1) below, and assuming no translation of joint is possible, it
appears satisfactory to design for k =0.8; while for type 2), it appears satis~
factory to use k = 0.7. Where translation of the cross frames is possible, more
exact analysis by methods which follow later should be undertaken.
Type 1
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Type 2
Effects of Materials, Factor of Safety, etc.
Effective length design criteria are markedly affected by the type of mater-
ia~ involved and by the varying requirements set by the specifications regarding
factor of s~fety against failure.
With material having a well defined yield point, such as structural steel,
there is a marked and rapid deterioration in the effective modulus Et in the re-
gion of the yield point, beyond which Et attains the value of zero. As a resULt
of this, both compression members and tension members lose their ability to of-
fer restraints to other compression members, and the effective length factor is
reduced to unity.
It is a further fact that the deterioration of the effective modulus of
structural steel is so great for columns with slenderness ratios less than about
60 that the critical buckling load for a fixed column is only about one or two
percent different from that with pinned ends (assuming no translation). Thus,
the introduction of k values has little if any practical effect on the design of
these columns. Similar remarks apply to low alloy and silicon steels. The dif-
ference in buckling loads of steel columns for the pinned,and fixed end 'conditions
increases steadily as the slenderness ratio rises from 60 to 125, at which latter
point the fixed-end~d column load may approach 100% more than that of the pin-
ended column. Thus the use of k values. results in appreciable economy in steel
design for this slenderness ratio range.
All of the above remarks apply only to the column without translation,
since the latter has a significant effect even for lower slenderness ratios.
With materials, like aluminum and magnesium al~oy~ the reduction in Et,
while large as the yield stress is approached, still remains finite, and the
adjacent members retain some increase of capacity for offering restraints even
at high loads. Even with such small slenderness ratios as 50, there is a size-
able difference between the buckling load of t~e pinned and fixed column, and
the use of th~ proper k value may have a significant effect for even these low
slenderness ratios.
'. With most steel specifications a higher allowable stress is provided in
tension than in compression, expressing the need for higher factors of safety
for the latter type of action. Since tension members (if designed only by this
criterion) would reach their yield point long before the compression members,
the maj or res'traints offered by the latter disappear. Under conditions where,
for example, factors of safety in the range of 1. 7 in tens ion and 2.2 in eom-
pression are employed, it appears desirable to design~ members for k = 1 un-
less there is incorporated in the restraining tension members an excess of area
for other reasons than to meet the stress needs (Le., minimum Llr requirements,
inability to secure commercial sizes exactly e9.ual to those theoretically needed,
etc. ) ~
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Some generalizations are possible for the case of design for moving loads
in steel by assuming uniform live and dead loadings. Assuming factors of safety
of 2.25 in cOmpression and 1.83 in tension, it may be shown that when the dead
load is zero, only those web members within the middle six-tenths of the span
can possibly have end restraints from the tensile chords; and that this range
decreases with increasing dead load until the dead load reaches about 1.68 times
the live load, beyond which point the tensile chords can be counted upon to of-
fer no restraints at all.
It is tbffi apparent that for steel roof trusses and possibly sane lightly loaded
highway trusses it is quite possible that very little if any restraints will be
offered by the tension chords to th~ web members, even in part-span loadings,
with present fa~tors of safety, unless over-design is resorted to.
Along the same lines while compression chords offer restraints to web mem-
bers in part-span loadings, such restraints alone are not sufficient to reduce
the k values beyond 0.88 with present factors of safety. A combination with
considerable tensile restraint would be necessary to bring the k values down to
the 0.8 value given above as suggested by Bleich for web member design.
B. Frameworks with Translation of Joints
Where translation of joints, (i.e., sideway or lateral movement) is possi-
ble, as in the case of rigid frames, the effective length of columns may gen-
erally be considerably larger than the actual length of the columns. This is
illustrated in Fig. 16 below.
kL
L.
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Similarly, where free-standing columns occur, such as those supporting out-
door crane runway girders and similar structures, a k value of 2 has been pre-
viously noted as appropriate. It has been further noted in Figs. 4 and 16 that,
theoretically, for some types of frameworks it is.. possible for the columns to
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approach an infinite effective length, although it can hardly be said that such
types of structure are of a practical nature.
Direct Application of the Equation (4) for Column with End Restraints
Equation 4, or its graphical solution (Fig. 10), covering the buckling load
of a column with end rotational and translational restraints, can be applied for
certain simple cases where the end restraints may be readily determined or ap-
proximated. Thus in Fig. 17 below, the column translational stiffness of be and
cf can be conservatively stated as though the tops were pinned, and added to-
gether, to yield translational restraint; similarly, the rotational stiffness of
de could be estimated conservatively as that with end e pinned; the resultant k
value from the charts would be conservative in all cases. Similarly, the fol-
d
a
e
b
. f
c.
lowing cases are simply solved by the equation (4) or its graphical equivalent.
Fig.18
For design purposes, however, the above types of loading conditions usually
are not critical, because all of the columns may be simultaneously under high
stress, and the effects of the axial load would diminish their translational
stiffness. Thus for the usual design 'purposes the analysis by Eq. 4 is cumber-
some and more appropriate stipulation would be to designate critical design k's
for specific and common structural fra~es and loadings. These are covered below.
The following tabular solutions (ref. 7) may be resorted to for the deter-
mination of k-values for'the specific rigid-jointed frame loadings indicated.
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EtI / h
= 0 0.1 0.2 0.5 1.0 5·0 00E47L ,
Held against Translation k = 0·700 0.733 0.761 0.814 0.875 0.963 1.000
Free to Translate k = 2.00 2.03 2.07 2.17 2·33 3.38 -
The fixed ended 'symmetrical frame solution rs also known (ref. 7):
Fig. 20
L
EtI / h
= 0 0.1 0.2 0.5 1.0 5.0 00
, E11./L
~eld against Translation k = 0.500 0.524 0.545 0·590 0.626 0.686 0·700
Free to Translate k = 1.000 1.016 1.030 1.082 1.156 1.502 2.000
A more extended chart tabulation of k values for one-story frames as de-
rived from the various cases specified in the German specification is given in
Fig. ,21 (ref. 18).
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Another case for which an exact solution is known is the two-story bent (ref. 7):
Fig. 22
.1LI.
E,I.
I h
E,I.
I h
r'lJ ~
EtI / h 0 0.1 0.2 0·5 1.0 2.0 00EIJ./L ,
Held against sway: k = 0.500 0·507 0.668 0.689 0·753 0.803 0.879
Free to sway: k = 1.000 1.033 1.065 1.160 1.310 1.515 4.000
For multi-story rectangular frames, approximation formulas of the type
given in Bleich's book (ref. 7) may be employed as a guide to the value of k,
but the assumptions under which these approximations are derived do not usually
satisfy actual conditions, and the results may be in error. The'writer does
not feel these solutions to be of sufficiently general validity to justify their
inclusion in specifications.
The British Standards
The Engineers have noted the simplicity of the current British Standards
(449:1948) on liThe Use of Structural Steel in Building" (ref. 19) which in-
cludes the following recommendations for effective lengths of building struts:
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Eff~ctively held in position and re-
strained in direction at both ends.
Effectively held in position at both
ends and restrained in direction at
one end.
Effectively held in position at both
ends but not restrained in direction.
Effectively held in position and re-
strained in direction at one end and
at the other end partially restrained
in direction but not held in position.
Effectively held in position and re-
strained in direction at one end but
not held in position or restrained
in direction at the other end.
Effective Length
O.7L
o.85L
L
1.5L
2.0L
I
1
~
!
1
All cases except the fourth deal with either perfect rotational fixity or
hinged conditions, and perfect translational fixity or freedom. The first
three cases represent conservative approximations of the known solutions. The
/ fifth case is the known solution of the crane column previously me~tioned. The
fourth case represents an intermediate condition between the fifth case and one
similar to the second case but with both ends restrained in direction~ (k=l).
Its deficiency lies in the lack of definition of the magnitude of the ":rartial"
restraint, which can produce k values anYWhere between the two extremes. While
for small slenderness ratios, the requirement of the k value may not be impor-
tant, for large slenderness ratios, the error in the fourth case may be large.
The British standards do not, of course, cover the. important case of Fig.
4 or 16, where k can become greater than 2.
In general, the writer feels that the British Standards represent an ex-
treme of simplification of the more mathematical graphical or tabular of re-
duced length, and can be improved upon by more careful 'definition of restraints
as indicated above.
Arches
The buckling of an arch within its plane represents a special case of frame-
work buckling for which solutions for certain cases are known (ref. 21).
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For symmetrical parabolic arches, with uniform load, the following relations
for effective length are valid
H f , H Fig.23• )(
L
2
Hcr = 1! EIcrown (7)(kL)2
For COnf3,tant Ix = Icrown
flL 0 0.1 0.2 0.3 0.4 0.5
Fix'ed arch k = 0.350 0.361 0.395 0.454 0·533
I Two-hinged arch k = 0·500 0.526 0.590 0.713 0.849 1.01
Three-hinged arch k = 0·575 0.588 0.630 0·713 0.849 1.01
For variable Ix = Icrownlcos ¢
flL = 0 0.1 0.2 0·3 0.4 0·5
Fixed arch ' k = 0·350 0·355 0·373 0.401 0.439 0.485
Two-hinged arch k = 0.5'00 0.516 0·559 0.627 0.713 0.811
Three-hinged arch k = 6.576 0·579 0·597 0.627 0.713 0.811
These relations are not valid for arches connected with a tie by hangers.
For buckling normal to the plane of the arch, the cross section of the arch
is sUbj~ct to translation and to torsional twist. The relationships covering
this type of action are a special category of. th~ Pony Truss buckling problem
(ref. 20, 21, 23) and are not cited here.
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III. Buckling of Columns, with Special Attention to Eccentricity,
Plasticity and Local Buckling
(presented at the Annual Meeting of the Column Research Council
at Lehigh University on Thursday, May 16, 1957).
P. P. Bijlaard
Summary
After glv1ng results on buckling of trusses and eccentric buckling of re-
strained columns, based on the Cornell project, some results of the writer's
work relating to other topics of column research are presented, such as, on
local buckling of bridge members, on plastic buckling of plates, on forced
crippling, on buckling of columns with batten plates, of latticed columns, and
of bridge portals.
Critical Load of a Truss (Cornell Project)
It was asked to find a simplification of the method presented in reference
1 that would reduce the amount of caiculations to such an extent as to bring it
within the scope of the usual design procedures and still be practically exact,
that is, more accurate than by assuming so-called three bay groups of members,
with the "buckling" compression member in the center. Also the rigidity of the
gusset plates should be taken into account.
As far as the gusset plates are concerned, tests at Cornell showed that for
riveted members the stiffening effect of the gusset plates can be' neglected.
However, for welded structures the stiffening action can be taken.into account
by using a similar ~ormula as Equation (11) of reference 2. To take account of
the shape of the gusset plate one can assume an effective ratio
S
=:
L
=: (1)
wher~ s is the length ·of the rigid ends of the member with theoretical length
L, and
E: =: £1 + (A1 + Ag )!(2b)
L
where £1 and b are shown in Figure 1, where A1 and A2 -are the hatched areas.
Graphs 'relating the rotational end restraints, represented by the (~/EK)
values (~ =: spring constant, K =: IlL, I =: moment of inertia, L =: length of
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member), to the effective t of the member, represented by c = t/L, were made
for €eff = 0.05 and 0.10 (graphs I and II of reference 2) and for €eff = 0.15
(graph ~-5 of reference 3). In the present review these graphs are given as
Graphs I, II and III. For €eff = 0 graph II of reference 1 applies. Also tables
for the function¢n' necessary to find the rotational restraint offered bya re-
straining member with the far end hinged, are given in references 2 (for €eff =
0.05 and 0.10) and 3 (for €eff = 0.15), and are included here as Tables I, II and
III. The restraint factor ~/EK offered by a'restraining member with far end
hinged is A/¢n, where A is the ratio between EK of the restraining and the re-
strained member, and ¢n is given in the Tables as a function of kL of the re-
straining member. Here k = .jP/EI, where P is the compressive or tensile force
in the restraining member and EI is its flexural rigidity.
As to the procedure in finding the critical load for a truss, it follows
from page 40 of reference 1 that the method'of three bay groups may lead to an
underestimate of 25%.· In reference 2 three methods are given to improve the ac~
curacy. These methods are of increasing accuracy and decreasing simplicity, al-
though even the third method, that is practically exact, is still rather simple.
The large discrepancy of the order of 25~ is caused by the assumption of
hinges at the far ends of the restraining compression members. This makes some
of them unstable themselves (for members without rigid ends if kL > ~,where
k = .jP/EI ), so that t~ey p~ovide negative restraints to the buckling member.
To improve this situation, in the first method of reference 2 hinges are assumed
between the buckling member and such restraining members. Further the restraint
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. TABLE I a
FUNCTION ¢n FOR AXIAL COMPRESSION AND € = s/L = 0.05
kL \3n kL \3n kL \3n kL \3n
0.00 0.2857 2.16 0.4702 2.62 0·7472 3.08 5·0053
0.10 0.2860 2.17 0.4734 2.63 0·7588 3·09 5·9009
0.20 0.2866 2.18 p.4767 2.64 0·7708 3·10 7·2022
0.30 0.2877 2.19 0.4801 2.65 0·7833 3.11 9.2656
0.40 0.2893 2.20 0.4835 2.66 0.7963 3.12 13.0376
0·50 0.2913 2.21 0.4870 2.67 0.8099 . 3.13 22.1404
0.60 0.2938 2.22 0.4906 2.68 0.8240 3.14 81.0846
0·70 0.2968 2.23 0.4942 2.69 0.8388 3.15. -53.0521
0.80 0.3004 2.24 0.4980 \ 2.70 0.8543 3.16 -19.4772
0.90 0.3046 2.25 0.5018 2·71 0.8704 3.17 -11.881:0
1.00 0.3095 2.26 0.5057 2·72 0.8873 3.18· -8.5232
1.05 0.3122 2.27 0.5097 2·73 0·9051 3.19 -6.6319
1.10 0.3152 2.28 0.5138 2.74 0·9237 3.20 -5.4147
1.15 0.3183 2.29 0.5180 I 2·75 .0.9433 3.21 -4.56871.20 0.3217 2.30 0.5223 2.76 I 0.9638 3.22 -3.9456
1.25 0.3253 2.31 0.5267 .. 2·77· 0.9855 3.23 -3.4677
1.30 0.3291 2.32 0·5312 2.78 1.0084 3.24 -3.~95
1.35 0.3333 2.33 0.5358 2·79 1.0325 3.25 .-2.7827 .
1.40 0.3377 2.34 0.5406 I 2.80 1;0581 3.26 -2.52891.45 0.3424 2.35 0.5454 i 2.81 1.0852 3.27 -2.3154
1.50 0.3475 2.36 0.5504 ! . 2.82 1.1139 3.28 -2.1333
1.55 0.3530 2.37 0·5555 2.83 1.1445 . 3.29 -1. 9762
1.60 0.3589 2.38 0.5608 2.84 1.1771 3.30 -1.8392
1.65 . 0.3652 2.39 0.5662 2.85 1.2119 3.40 -1.0579
1. 70 0.3720 2.40 0·5717 2.86 1.2492 3.50 -0.7163
1. 75 0.3794 . I 2.41 0.5774 I 2.87 1.2892 3.60 -0.52181.80 0.3873 ! 2.42 0.5832 2.88 1.3322 3·70 -0.39751.85 . 0.3960 I 2.43 0.5892 2.89 1.3786 3.80 -0.3104
1.90 0.4053 l 2.44 0.5954 I 2·90 1.4429 3.90 -0;24571.95 0.4155 2.45 0.6018 2·91 1.4832 4.00 -0.1954
2.00 0.4267 2.46 0.6083 I 2·92 1. 5425 4.10 -0.15492.01 0.4290 2.47 0.6151 2.93 1.6074 4.20 -0.12132.02 0.4314 2.48 0.6220 . 2.94 1.6786 4.30 -0.0927
2.03 0.4338 2.49 0.6292 f. 2.95 1. 7572 4.40 -0.0677
2.04 0.4363 2·50 0.6366 I 2.96 1.8442 4.50 -0.0455
2.05 0.4389 i 2.51 0.6442 2.97 1. 9413 4.60 -0.0252
2.06 0.4414 i 2.52 0.6520 2.98 2.0502 4.80 +0.0117
2.07 0.4441 I 2.53 0.6602 I 2·99 2.1732 5.00 +0.0466
2.08 0.4468 2.54 0.6686 I 3.00 2.3591 5.25 +0.09302.09 0.4495 2.55 0.6772 ~ 3.01 2.4742 5.50 +0.1519
2.10 0.4523 2.56 0.6862 ~ 3.02 2.6611 5·75 +0.2471
2.11 0.4551 J 2.57 0.6955. 3.03 . 2.8806 6.00 +0.4757!2.12 0.4580 ) 2.58 0·7051 3.04 3.1424 6.25 +2.7578
2.13 0.4610 I 2·59 0.7151 3.05' 3.4597 21£ +7.40522.14 0.4640 2.60 0.7254 3.06 3.8525 6.50 -0·72512.15 0.4671 I 2.61 0.7361 i 3.07 4.2993
-
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TABLE I b
FUNCTION ¢n FOR AXIAL TENSION AND' € = s/1, = 0.05
kL n kL kL
0.00 0.2857 2.15 0.2166 3.60 0.1587
0·50 0.2805 2.20 0.2143 3·70 0.1554
1.00 0.2661 2.25 0.2121 3.80 0.1522
1.05 0.2643 2.30 0.2098 3·90 0.1490
1.10 0.2625 2.35 0.2076 4.00 0.1460
1.15 0.2605 2.40 0.2054 4.10 0.1431
1.20 0.2586 2.45 0.2032 4.20 0.1402
1.25 . 0.2566 2·50 0.2011 4.30 0.1374
1.30 0.2545 2·55 0.1989. 4.40 0.1347 '
1.35 0.2524 2.60 0.1968 4.50 0.1321
1.40 0.2507 2.65 0.1947 4.60 0.1295'
1.45 0.2481 . 2·70 0.1926 4·70 ,0.1270
1.50 0.2459 2·75 0.1905 4.80 0.1246
1.55 0.2437 2.80 0.1884 4·90 0.1223
1.60 0.2415 2.85 0.1864 5·00 0.1200
1
\
1.65 0.2393 i 2·90 0.1844 5·10 0.1178
1.70 0.2370 I 2·95 0.1~24 5·20 0.1157
1.75 0.2347 l' 3·00 0.1804 5·30 0.1136
1.80 0.2325 ! 3·05 0.1785 5·40 0.1115
'1.85 0.2302
I
·3·10 0.1766 5·50 0.1096
1.90 0.2279 3.15 0.1747 5·60 0.1~76
1.95 0.2256 3·20 0.1728 5:80 0.1039 .
2.00 0.2234 3·30 0.1691 ' 6.00 0.1004
2.05 0.2211 3.40 0.1655 211: 0.0958
2.10 0.2188 3·50 0.1621
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TABLE II'a
FUNCTION ¢n FOR AXIAL COMPRESSION AND € = s/L = 0.10
kL \2ln kL ~n kL C/Jn kL ~n
0.00 0.2427 2.16 0.4103 2.62 0.6573 3.08 3·7111
0.10 0.2429 2.17 0.4132 2.63 0.6675 3·09 4.2140
0.20 0.2435 2.18 0.4160 2.64 0.6781 3·10 4.8804
0·30 0.2444 2.19 0.4192 2.65 0.6890 3·11 5·8055
0..40 0.2459 2.20 0.4223 2.66 0·7004 3·12 7·1770
0·50 0.2477 2.21 0.4254 2.67 0·7123 3·13 9·4194
0.60 0.2500 2.22 0.4286 2.68 0·7247 3.14 13·7485
0·70 0.2527 2.23 0.4319 2.69 0·7376 3·15 25·6165
0.80 0.2560 2.24 0.4353 2·70 0·7512 3.16 197·2728
0·90 0.2599 2.25 0.4388 2·71 0·7651 3·17 -34.2927
1.00 0.2643 2.26 0.4423 2·72 0·7798 3.18 -15·7025
1.05 0.2668 2.27 0.4459 2·73 0·7952 3·19 -10.1909
1.10 0.2695 2.28 0.4496 2·74 0.8113 3·20 -7·4876
1.15 0.2723 2.29 0.4534 2·75 0.8251 3·21 -5·9199
1.20 0.2754 2·30 0.4572 2·76 0.8459 3·22 -4.8882
1.25 0.2787 2·31 0.4612 2·77 0.8645 3·23 -4.1577
1.30 0.2822 2.32 0.4652 2·78 0.8841 3.24 -3.6130
1.35 0.2860 , 2·33 0.4694 2·79 0·9048 3·25 -3·1913
1.40 0.2900 2.34 0.4736 2.80 0·9266 3.26 -2.8556
1.45 0.2943 2.35 0.4780 2.81 0.9498 3·27 -2.5816
1.50 0.2990 2.36 0.4825 2.82 0·9742 3.28 -2.3538
1.55 0·3039 2.37 0.4870 2.83 0·9999 . 3·29 ,.2.1614
1.60 0.3093, 2·38 0.4918 2.84 1.0256 . 3·30 -1.9968
,1.65 0·3150 2·39 0.4966 2.85 1.0567 3·40 -1.1098
1.70 0·3212 2.40 0·5015 2.86 1.0879 3·50 -0·7463
1.75 0·3279 2.41 0·5066 2.87 1.1212 3·60 -0·5444
1.80 0·3352 2.42 0·5119 2.88 1.1569 3·70 -0.4233
1.85 0·3430 2.43 0·5172 2.89 \ 1.1953 3.80 -0.3371
1.90 0·3515 I
2.44 0·5227 2·90 1.2365 3·90 -0.2737
1.95 0.3608 2.45 0.5284 2·91 1.2811 4.00 -0.2250
2.00 0.3709 2.46 0·5343 2·92 1·3293 4.10 -0.1862
2.01 0·3730 2.47 0·5403 2·93 1.3817 4.20 -0.1544
2.02 0.3752 2.48 0.5465 2.94 1.4389 4.30 -0.1276
2.03 0.3774 2.49 0·5529 2·95 1.5014 4.40 -0.1045
2.04 0.3796 2·50 0.5594 2.96 1·5702 4·50 -0.0843
2.05 0.3819 2·51 0·5662 2·97 ,1.6461 4.60 -0.0661
2.06 0.3842 2·52 0·5732 2·98 1·7304 4.80 -0.0340
2.07 0.3866 2·53 0·5804 2·99 1.8245 5·00 -0.0051
2.08 0.3891 2·54 0.5878 3·00 1.9304 5·25 +0.0308
2.09 0·3915 2·55 0·5955 3·01 2.0595 5·50 +0.0723
2.10 0.3940, ! 2·56 0.6035 3·02 2.1867 5·75 +0.13082.11 0.3966 2·57 0.6117 3·03 2.3442 6.00 +0.24222 ..12 0·3992 , 2·58 0.6202 3.04 2.5276 6.25 +0.6405
2.13 0.4019 2·59 0.6290 3·05 2·7438 21C +0·7961
2.14 0.4046 2.60 0.6381 3.06 3·0027 6·50 -1.5989
2.15 0.4074 2.61 0.6476 3·07 3.3183
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TABLE II b
FUNCTION ¢n FOR AXIAL TENSION AND € = s/L = 0.10
2.65 0.1599 4.60 0.1017
2·70 0.1580 4·70 0.0995
2·75 0.1561 4.80 0.0974
2.80 0.1543 4·90 0.0953
2.85 0.1524 5·00 0.0934 ,
2·90 0.1506 5·10 0.0914
2·95 0.1488 \ 5·20 0.0895I
3,00 0.1470 I 5·30 0.08773·05 0.1453 i 5·40 0.08603·10 0.1436 5·50 0.0843
I
3.15 0.1419 I 5·60 0.0826
J3·20 0.1402 5·80 0.0795
3·30 0.1369 I 6.00 0.07643.40 0.1337 21C1 0.07243·50 0.1306 I
J
kL ¢n kL ¢n kL ¢n
0.00 0.2427 2.15 0.1797 3.60 0.1275
0·50 -0.2380 2.20 0.1777 3·70 0.1246
1.00 0.2248 2.25 0.1756 3.80 0.1217
1.05 0.2231 2·30 0.1736 3·90 0.1189
1.10 0.2214 2.35 0.1716 4.00 0.1162
1.15 0.2197 2.-40 0.1696 4.10 0.1136
1.20 0.2179 2.45 0.1676 4.20 0.1111
1.25 0.2161 2·50 0.1657 4.30 0.1086
1.30 0.2142 2·55 0.1637 4.40 0.1062
.
1.35 0.2123 I -2.,60 0.1618 4·50 0.1039
i
II
__I__---.J...-~_
1.40 0.2103
1.45 0.2084
1.50 0.2064
1.55 0.2044
1.60 0.2024
1.65 0.2003 .
1.70 0.1983
1.75 0.1962
- 1.80 0.1942
1.85 0.1921
1.90 0.1900
1.95 0.1880
2.00 0.1859
2.05 0.1838
2.10 0.1818
..
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TABLE III a
FUNCTION ¢n FOR AXIAL COMPRESSION AND € = s/L = 0.15
7
5
3
kL ~n kL 0n , kL ~n kL . ~n
0.00 .20358 2.16 .34587 2.62 ·54465 3.08 2.20035
0.10 .20393 2.17 .34829 2.63 ·55254 3·09 2.44860
0.20 .20428 2.18 ·35075 2.64 ·56139 3·10 2.59567
0.30 .20511 . 2.19 .35326 2.65 .56917 3.11 2.85438
0.40 .20634 2.20 .35582 2.66 ·57801 3.12 3.17285
0·50 .20792 2.21 .35844 2.67 ·58706 3·13 3·57397
0.60 .20988 2.22 .36111 2.68 .59652 3~14 4.09469
0·70 .21227 2.23 .36384 2.69 .60633 3·15 4·79838
0.80 .21527 2.24 .36663 . 2·70 .61655 3.16 5.80171
0·90 .21842 2.25 .36947 2·71 .62717 3·17 7·44265
1.00 .22227 2.26 .37238 2·72 .63823 3.18 10.04431
1.05 .22441 . 2.27 ·37537 2·73 .. 64977 3·19 15·91724
1.10 .22670 2.28 .37839 2·74 .66178 3·20 38·71306
1.15 .22915 ·2.29 .38149 2·75 .67433 3·21 '-87·91560
1.20 .23179 2·30 .38467 2·76 .68745 3·22 -20·53105
I
1.25 .23460 2.31 .38792 2·77 ·70117 3·23 -11·55528
1.30 .23762 2.32 .39124 2·78 ·71619 3.24 -8.03295
1.35 .24085 2·33 .39464 2·79 ·73058 3.25 -6.14790
1.40 .24370 2.34 .39812 ! 2.80 ·74636' 3.26 -4·97221
1.45 .24800 2·35 .40169 2.81 .76297 3.27 -4.16987
1.50 .25197 2.36 .40533 2.82 ·78040 3.28 -3·58721
1.55 .25622 2·37 .40907 2.83 ·79878 3·29 -3.14475
1.60 .26079 I 2.38 .41290 I 2.84 .81816 3·30 -2·797441.65 .26569 I 2.39 .41683 ! 2.85 .83863 3.40 -1.303321.70 .27097 I 2.40 .42086 2.86 .86052 3·50 -.828881.75 .27666 2.41 .42498 2.87 .88320 3.60 -.59567
1.80 .28279
1
2.42 .42922 2.88 .90754 3·70 -.38721
1.85 .28943 2.43 .43856 2.89 .93343 3.80 -.36466
1.90 .29662 I 2.44 .43802 2·90 ·960.99 3·90 -.298851.95 .30437 2.45 .44260 . 2·91 ·99041 4.00 -.24942
2.00 ·31291 2.46 .44731 2·92 1.02188 4.10 -.22650
2.01 .31470 2.47 .45214 I 2·93 1.05564 4.20 -.179732.02 .31653 2.48 .45711 ! 2·94 1.09194 4.30 .-.154062.03 .31838 ! 2.49 .46222 2·95 1.13102 4.40 -.132392.04 .32026 2·50 .46773 I 2·96 1.17332 4.50 -.113742.05 .32219 ,I 2·51 .47288 2·97 1.21914 4.60 -.097422.06 .32415 2·52 .47846 I . 2·98 1.26904 4·70 -.08234
2.07 .32614 I 2·53 .48417 l 2·99 1.32755 4.80 -.06975,2.08 .32918 2·54 .49008 3·00 . 1.38330 I 5.00 -.046432.09 ·33023 2·55 .49617 3·01 1:44910 5·25 -.02794
2.10 ·33235 2·56 .50244
.,
3·02 1·52197 5·50 .00534
2.11 .33449 2·57 ·50891 3·03 1.60313 5·75 .03456
2.,12 .. 33668 2·58 .51561 3.04 1.69392 6.00 .07455
2.13 .33891. 2·59 ·52251 ! 3.05 1.79632 6.25 .15182
2.14 .34119 2.60 ·52964 I 3.06 1·91270 2:rc .16103
2.15 .34351 2.61 ·53701 • 3·07 2.04597 6·50 .36199,II
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/TABLE III b
FUNCTION ¢n FOR AXIAL TENSION AND € = s/L = 0.15
kL ¢n kL ¢n kL ¢n kL ¢n
0.00 .20358 2.16 .14861 2.62 .13272 3.08 .11816
0.10 .20344 2.17 .14826 ' 2.63 .13238 3.09 .11786
0.20 .20289 2.18 .147~ 2.64 .13205 3·10 .11757
0·30 .20207 2.19 .14755 2.65 .13172 3·11, .11727
0.40 .20092 2.20 .14719 2.66 .13139 3·12 .11697
0·50 .19945 2.21 .14684 2'.67 .13106 3.13 .11668
0.60 .19769 2.22 .14648 2.68 .13073 3.14 .;1.l6~8
0·70 .19566 2.23 .14613 2.69 .13040 3.15 .11609
0.80 .19337 2.24 .14578 2·70 .13008 3.16 .11580
0·90 .19085 2.25 .14542 2·71 .12975 3·17 .11546
1.00 .18812 2.26 .14507 2·72 .12942 3.18 .11521
1.05 .18669 2.27 .14472 2·73 .12910 3·19 .11492
1.10 .18521 2.28 .14437 2·74 .12877 3.20 .11463
1.15 .18369 2.29 .14402 2·75 .12845 3~21 .11434
1.20 .18213 2·30 .14367 2·76 .12812 3·22 .11405
1.25 .18053 2·31 .14331 2·77 .12780 3·23 .11376
1.30 .17891 2.32 .14296 2·78 .12748 3.24 .11348
1.35 .17726 2·33 .14261 2·79 .12715 3·25 .11319
1.40 .17493 2.34 .14227 2.80 .12684 3.26 .11303
1.45 .17388 2·35 .14192 2.81 .12652 3·27 .11262
, 1.50 .17216 2.36 .14157 2.82 .12620 3.28 .11234
1.55 .17042 2'.37 .14122 2.83 .12588 3·29 .11205,
1.60 .16866 2.38 .14088 2.84 .12556 3·30 .11177
_1.65' .16689 2·39 .14053 2.85 .12525 3.40 .10899
1.70 .16512 2.40 .14018 2.86 .12493 3·50 .10629
1.75 .16333 2.41 .13984 2.57 ;12461 3.60 .10367
1.80 .16153 2.42 .13949 2.88, .12430 3·70 .10112
1.85 .15974 2.43 .13916 2.89 .12399 3.80 .098651
1.90 .15794 2.44 .13880 2·90 .12367 3·90 .096254
1.95 .15606 2.45 .13846 2·91 .12336 4.00 .093931
2.00 .15434 2.46 .13812 2·92 .12305 4.10 .091678
2.01 .15396 2.47 .13778 2·93 .12274 4.20 .089495
2.02 .15362 2.48 .13744 2.94 .12243 4.30 .087380
2.03 .15326 2.49 .13709 2·95 .12212 4.40 .085330
2.04 .15290 2·50 .13675 2.96 .12181 4·50 .083344
2.05 .15254 2·51 .13641 2·97 .12150 4.60 .081420
2.06 .15219 2·52 .13608 2·98 .12119 4·70 .079555
2.07 .15183 2·53 .13574 2·99 .12089 4.80 .07T749
2.08 .15147 2·54 .13540 3·00 .12058 5·00 .074303
2.09 .15111 2·55 .13506 3·01 .12058 5·25 .070288
2.10 .15075 2.56 .13472 3·02 .11997 5·50 .066573
2.11 .15039 2·57 .13439 3·03 .11967 5·75 .063133
2.12 .15004 2·58 .13405 3.04 .11937 6.00 ;059943
2.13 .14968 2·59 .13372 3·05 .11906 6.25 .056981
2.14 .14932 2.60 .13338 3.06 .11876 2:rt .056603
2·),5 .14897 2,.61 .13305 3.07 ,11846 6·59 .054228
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from the other restraining members, if connected to more than one group of mem-
bers, separated by assumed hinges, is divided as favorably as possible between
these groups. This reduces the underestimate of 25%, mentioned in the foregoing,
to about 5% (page 17 of refer~nce 2). 'Still, in'other cases this method under-
estimates the critical load by about 10% (page 21 of reference 2).
This, again is due to the assumption of hinges at the far ends of the re-
straining compression members, which reduces the restraining ability at the near
ends very much, although its influence, on tension members is small. The second
method of reference 2 removes this discrepancy by computing the restraints ~/(EK)r
at the far ends of the restraining members in the same way as the restraints of
the buckling member are determined in the first method. From the graphs men-
.. tioned in the foregoing, relating the two end restraints ~/(EK)r to the c ;:: 'P,/L
ratio of the buckling member, since c for the restraining compression members is
known (c ;:: ~/kL), this gives the ~/(EK)r values at the near ends of the restrain-
ing members. The sum of the opposite values of these ~/(EK)r values, mUltiplied
with (EK)r/(EK)b, (Where (EK)b is the EK value of the buckling member), added to
'the ~/(EK)b values £rom the restraining tension members, then gives the total re-
straints ~/(EK)b of the buckling member, so that its c value can be found from
the graphs of ~/EK vs. c. Thi5 reduces the error of 10% from the first method
to about 3%. (page 29 of reference 2.)
The third method, which is practically exact, will,be dealt with in some
more detail. One of the least stable members, (highest kL) is assumed as the
"buckling" member and, instead of dividing the truss into several groups of mem-
bers, it i~ considered as one unit. Let member GF in the cantilever truss of
Figure 2, used in Hoff's work (reference 4), be the "buckling" member. Hinges
are assumed at the far ends (far from GF) of all tension members.
p
As in the first and second methods, after assuming a certain loading, a
table is made containing the kL and c ;:: ~/(kL) values of all members, where cL
is the effective length of a member that is req~ired to make it just stable. '
As in other methods (reference 4, page 313) the truss is stable if for all mem-
bers without rigid ends kL is smaller than ~ and unstable if for any such mem~
ber kL is larger than 2~. For members with rigid ends the truss is stable when
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in Tables I, II and III for all members kL is smaller than its value a little
above n where ¢n changes from positive to negative. From Graphs I, II and III
in this case any member becomes unstable if c is much smaller than 0.5, or kL =
n/c is much above 2n. In other cases the mutual restraints of the members must
be taken into account.
For one of Hoff's experimental trusses the effective S/L = €eff value from
Equation (1) is 0.09 (reference 2) and the experimental critical load P was 150
lbs. For this load the pertinent data for the various members of the truss are
assembled in Table IV, values for l/¢n being obtained by interpolation for €eff
= 0.09 between Tables I and II for €eff = 0.05 a~d 0.10. Assuming hinges as men-
tioned and as shown in Figure 2, where the c values listed in Table IV are shown
in parentheses, the t3/EK values at the far ends of the farthest compression mem-
bers or stressless members can be calculated. One obtains from Table IV (t3/EK)BH
= (A./¢n)BA = 1.414 x 10.34 = 14.64; (t3/EK:)BG = (A./¢n)BC = 1 x 9 = 9; (t3/EK)DF ='
(A./¢n)DC = 1.414, x 9 = 12·74; and (t3/EK)EF = (A./¢n)ED = 1 x 5.43 = 5·43. Here,
in the subscripts that indicate the pertinent member, the first letter indicates
that end of the member where the value refers to. Theset3/EK values at the far
ends are inscribed in Figu~e 2. Since the c = n/(kL) values for each member are
known, from the relations between the t3/EK ratios at the ends andc, given in
Graphs I and II for €eff = 0.05 and 0.10, the t3/EK ratios at the near ends can
now be found by interpolation. This gives the t3/EK values at the near ends as
inscribed in Figure 2, that is, -2.2, -5.6, -2.05 and -0.7 for HE, GB, FC and
FE, respectively. H~nce the t3/EK values at the far ends of the members closer
to the "buckltng" member GF can now be computed. tIsing also Table IV, (t3/EK)HG
= -(A. t3/EK)HE + (A./¢n)HA = 0.707 x 2.2 + 5.43 = 6.98. Using again Graphs I and
II, with (t3/EK)HG = 6.98 and c = 0.633, one finds (t3/EK)GH = 3.7, as inscribed
in Figure 2. The t3/EK values at the ends of GF can now be calcula~ed: (t3/EK)GF
= -(A. t3/EK)GH - (A. /3/EK)GB = -3·7 + 5·6 = 1.9, and (/3/EK)m = (A./¢nh'B + (A./¢n)FC
- CA. t3/EK)FD :. (A. t3/EK)FE = 0·707 x 7·72 + 3.~ + 0·707 x 2.05 + 0·7 = 11.58·
Interpolating for € = 0.09 between Graphs I and II this gives for the buckling
member GF a c value of 0.633. From Table IV this corresponds to the assumed
critical load P = 150 lbs as assumed, so that the theoretical critical load P
for-the truss is indeed 150 lbs.
TABLE IV
-
values for
Member Lin. P lbs. kL c l/¢n chords,
verticals diagonals
AB 900 5.43 10.34
BC, CD 600 4.44 9·0
RG, GF 15 -750 4.96 .633 < 0 1 1.414
FE -450 3.84 .818 <0
Ali; DE 150 2.22 5.43
BG,CF 0 0
'"
3.98 .
HE, FD 21.213 -212.13 3.74 .84 < 0 0·707 1BF 212.13 3.74 7.72
If c for GF had been found smaller than its required value c = n/(kL), the
actual critical load would be larger than assumed. If c had been found larger,,
the actual critical load would be smaller than assumed. If one wants to know the
maximum load the truss can carry, in the 'former or the latter case a lligher or
lower load has to be assumed until c for the member GF is found equal to c = n/(kL).
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The method was extended to the plastic range by using for all members the
tangent modulus Et instead of the elastic modulus E.
All these methods can be used if one wants to find the critical load of a
truss as accurately as possible. They may be important if, due to practical
considerations, several members are much heavier than required, so that their
effect on the stability ~f the least stable member may be considerable.
Eccentric Buckling of Elastically Restrained Columns (Cornell Project)
"
With given symmetric elastic restraints ~ and end eccentricities e, the
buckling stress of a member can be read from the d~sign curves presented in Fig-
'ures 24, 25, and 26 of reference 5 for steels with yield stresses of 33,000 and
50,000 psi. They give the eccentric .buckling stress 0a as a function of the
slenderness L/r, the restraint ratios (~/EK)andthe eccentricity ratios (~e/kc),
. where ~ is a shape factor given in Figure 11 of reference 5 and kc is the core
radius.
A further study, of the data and use of the methods described in references
6 and 7 reveals that the eccentric buckling stress for the case of symmetrical
.end restraints and unequal end eccentricities e1 and e2 may be assumed to be
equivalent to that for equal end eccentricity ratios (e1 > e2)
~e =' 0 ..6 ~(e1 + e2) + 0.25 r~(e1 - e2 )T _0.035 [~(e1 - e2 )]3 (3)
kc ' kc . l 2kc 2kc
, .
Although in references 6 and 7 an analytical method was given for determining
the eccentric buckling stress for members with unequal end restraints, since
this case was outside the scope of the contract, no cases were evaluated nu-
merically. Therefore,. as a safe approach, for such caseS it could be assumed
that both end restraints are equal to the smaller one.
The above methods assume that no torsional buckling or local buckling oc-
curs before the eccentric buckling stress is reached. From tests reported in
reference 20, local buckling does not affect the column strength in. eccentric
buckling up to flange width-to-thickness ratios of about 12. For the simply
supported eccentrically loaded columns tested the secant formula showed best
correlation with experimental data. In the following, also the case will be
considered where local buckling occurs before that ultimate stress can be
reached.
Related Material from Other Sources
Due to lack of time, the writer will restrict himself mainly to results
from his own publications.
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Local Buckling of Bridge Members
From the preceding the proposed method for determining the eccentric buck-
ling stress of elastically rot~tionally restrained members is valid only if the
composite plates do not prematurely buckle. Especially such members with small
L/r ratios require large plastic edge strains before the maximum load is reached,
so that from test data given on pages 9.24 and 9.25 of reference 8 for hinged
flanges and hinged plates, the bit ratios should not be larger than 8.5 or 34,
respectively. From calculations given in reference 9, this requires bit < 44 -
10Y1' for section 1 in Table 2, bit ~ 44 - 10Y2 for sections 2 and 3; and-bit
< 39 - 5ys for section 4 in Table 2, where the Y coefficients are given in Fig-
- .
ures 13 and 14 of reference 9 and Figure 13 of reference 10 as functions of
(tb')/(t'b) and tIlt. These graphs are shown here as Graphs 'IV, V and VI.
For members of trusses that, in well designed struytures, are practically
concentrically loaded, for an economic design it will usually be advantageous
to make the ratios bit as large as possible. One would then require that the
local buckling stress is equal to the column buckling stress. From reference
11 the interaction between column and local buckling can be neg;lected,except
for cases of flexural a~d torsional bucklin~, such as occurs for T-sections,
for which formulas for the buckling stresses are given in reference 11, for
elastic and plastic range.
Formulas for the required bit ratios expressed in terms of L/r, based on
the requirement that the plate and column buckling stress should be equal, are
given in reference 9 for elastic' and plastic range. To obtain these relations,
from the buckling stress versus Ljr relation for columns according to the then
valid specifications of the German State Railways, the associated stress strain
relation for structural steel was calculated. Assuming the same stress strain
relation for the plates, the bit ratios of the plates were calculated such as
to make the local buckling stress equal to the column buckling stress. In that
same reference 9, also the first exact computation was given to take account of
the mutual restraint of the composite plates of a member, as well in the elastic
as in the plastic range.
Assuming a buckling stress versus slenderness relation as given in refer-
ences 5 and 6, that is, assuming that in the plastic range, where the critical
stress is less than 10,000 psi below the yield stress, the column buckling
stress is
= cryS _ 5000 { L/r _ [. L/r ]2}(L/r)E (L/r)E
where cryS is the yield stress and
= (. 3. 108 _\1 /2
\cryS - 10,000)
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the related stress strain diagram for a steel can be calculated, so that at any
stress the secant and tangent moduli ratios Es/E and Et/E are known. The as-
sociated values for steel with cryS = 33,000 psi, as provisionally calculated, .
'are given in Table V.
TABLE V
L/r crcr Es/E Et/E
20 31,970 0·525 0.0425
, 40 30,630 0.76 0.1634
60 29,000 0.88 0.348
80 27,020 0.955 0.578
100 24,760 0.986 0.825
114 23,000 1 1
Using these values and the writer's theory of plastic buckling of plates, the
required bit ratios for making the local buckling stress equal to the col~
buckling stress can be calculated in the same way as shown in reference 9. The
provisionally calculated bit ratios are given in Table VI.' The 7 coefficients
are_identical with those given in Figures 13 and 14' of reference 9 (1~ and 72)
and ~igure 13 of reference 10 (73), as functions of (tb')/(t'b) and tIlt. They
were first pUblished in ~eference 33. They Vary between zero (fully clamped)
and one (simply supported) and are given here in Graphs IV, V and VI.
I
The writer's theory of plastic.buckling of plates is in excellent agreement
with test results with aluminum plates (references 12-15). It is also in good
agreement with tests on structural steel for small plastic deformations as occur
below the yield stress. However, in the horizontal part of the stress strain
diagram at the yield stress where the material flows in layers and thus behaves
discontinuously, in contrast with the continuous behavior assumed in the theory,
it obviously does hot apply and is too conservative, as was pointed out for col-
umns in reference 16. This was taken into account by using the 'requirements
bit ~ 8.5 and 34 from reference 8 for hinged flanges and plates where large
strains at the yield stress are necessary. From reference 20 it may be that the
ratio 8.5 is too' conservative.
In this connection it may be observed, that the writer's explanation for
the fact that experiments on buckling of plates are in accordance with deforma-
tion theory, is based on the fact that, at the same time that the plate bends,
due to unavoidable eccentricities or from Shanley's principle of simultaneous
action, the compressive stress increases, so that in all planes the shearstres-
sesmonotonicallyincrease. In the horizontal part of the stress strain diagram,
however, the compressive stress cannot increase, so that deformation theory is
not likely to apply. This is in ac~ordance with results published in reference 34.
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TABLE 1ZI
b
n16 1=11
Lb' L
b r-> 114 'T" 0.S(I-0.251)T
. .
2 n. tl ~ Fitb - L 'b L Lr-< 114: T-' (4S+0.3ST)-{12+0.l0,)1
. .
3 tIlb 1=It.
't)
. .
4 nIb { ~:> 114 ,~ , 0.1 (I-O.l4/P;-Pb L . b L Lr--' 114 ·T~(42+0.33r)-{6+0.05r)1
5 If- { ; ~ 114: ~ ~ O.IS.Ir; ~ 114: ~ ~ 11+0.OS5;
,
b
6 )-'f Ib {; ).-I14:~ ~ 0.60;~ ~ 114:: ~ 36+0.28 ~
1~, 12' and 13 are given in Grapus IV, ·V, and VI.
If members with bit ratios from Table VI ~re subjected to eccentric loads,
I
especially if they are elastically restrained, the plates at the most compressed
side (hollow side) will buckle before the ultimate load is reached. An exact
calculation of. the concentric buckling stress of members where the plates buckle
before column buckling occurs, which is in excellent agreement with the reported
tests, is given in reference 17. A simple way for calculating the eccentric
buckling stress for elastically restrained columns, would be to reduce the width
b of the plate at the hollow side to its effective width in the post buckling-
range, as is done in a certain sense in reference 18 for all plates for concen-
tric buckling of llght gage steel columns. From reference 18 the experimentally
determined effective width be of a plate with an elastic cri~ical stress ocr ·is
given by
E.e.
b
= .(§i- [1 -o. 25 J~]
J~ I~ (6)
Taking account of the restraint exercised by the other plate, from reference 9
Ocr can be found as
=
. 2 (t)2(2.52 - 0.62 r) E b
where r is given in Graphs IV, V and VI.
Rivet Connections between Composite Plates of a Column
In reference 21, it was pointed out that it would be desirable to do some
experiments in order to check whether the usual connection of vertical and hori-
zontal plates by angles, like in members with sections 1-4 in Table VI, is suf-
ficient-to keep the plates perpendicular to each other at the edges. These
tests have not yet been done. However, as pointed out in reference 9~ it is be-
lieved that by neglecting the torsional rigidity of the connecting angles, as
was done in reference 9, overestimation of ocr is prevented.
On the other hand, the angles should be sufficiently thick to prevent the
connected plate, say the cover plate in section 1 of Table VI, from buckling as
a plate on an elastic foundation, the elastic foundation being kupplied by the
deflecting horizontal angle flanges. This type of buckling, which may'reduce
the strength of stringer panels in airplane wings by as much as 5O~ as compared
to conventional panel buckling, was first revealed and analyzed in reference 22
and further in reference 23. For the aluminum structures involved, the results
obtained from the very laborious exact calculation for this so-'called "forced
crippling" mode of buckling can be approximated by the formula
= O 6 E ! ~
. " b ba
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(8)
where b, t, ba , and t a are more or less equivalent to the distances indicated
in Figure 3 for section 1 of Table VI, and ~ is the plastic reduction factor.
Actually, the geometrical conditions for bridge members are different from
those for stringer panels., Also, in steel structures, due to the tensile
shrinkage stresses in the rivets, the connections are more rigid than geometri-
cally similar connections of aluminum plates. An investigation along the same
lines as that for stringer panels can be made for bridge members, but the writer
did not yet find time to do so. Assuming that the effects of the differences.
between stringer panels and bridge members approximately cancel each other, and,
requiring the forced crippling stress to be larger or equal to the plate puck-
ling stress ocr of the member, the condition for sections 1-3 of Table VI would
be
ba 1 b
- ~ -t a 8 - 21'1 2 t,
and for section 4
ba 1 b~
.ta 7 - 1'3 t
(10)
if the rati·o plba , where p is the pitch of the rivets, is not larger than 3.
ba.
~ tt rftz bI I
,
-
Fig.3
To prevent inter-rivet buckling, it seems sufficient, to require that the
pitch p is not larger than 0.3 bit times the thickness of the thinnest ,outside
plate.
In connection with possible shrinkage stresses one should be careful in
using Table VI for welded structures. On the other hand, it was shown. that, in
trying to prevent high shrinkage stresses by using small fillet welds, fatigue
might occur in the welds due to unavoidable crookedness of the plates (refer-
ence 24).
other Cases of Plastic Buckling of Plates
Using a stress-strain diagram based on Table 1, similar formulas as Equa-
tion (68) of' reference 9 may be derived for the buckling' stress of the web of .
plate girders subjected to shear in the plastic rang~. One obtains
T
cr
' = 13,300 + 5800 (b/t)el - (bit)
(b/t)el - (b/t)ys
(11)
where
(b\ [10,900 + 8200(;)2] 1/2
t)el
=
(E.\ [2290 ~~2] 1/2= + 1160 ;)
\t)ys
and a and b are length and width of the web plate, where a ~ b.
As derived in reference 25, for a plate subjected to eccentric compression
ax in its plane and simply supported at its unloaded edges, for a compressive
strain distribution (Figure 4)
= Exe
"e
the plastic reduction factor can be approximated as
~ \ '
= 0·5 a\~~edge + (1 - O·5a)("o)edge
where the subscript "edge" refers to the edge where ax is maximum and '''0 is the
. plastic reduction factor for pure compression for a simply supported plate that
can be read for Es/Eand Et/E rat~os based on Table 1 from a chart in reference
19, based on a formula derived in reference 9. For pure bending, where a = 2,
Equation (15) reduces to "e = (Es/E)edge'
Fig.4
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From reference 26, the plastic reduction factor for combined shear and ec-
centric compression is
1)se = ·y21)e + 3[1 + (a
5 /4)]1)S
72 + 3[ 1 + (a5 /4)]
(16)
where a follows from Equation (14) and 7 = crxe/T. Here crxe is the normal stress
at'the edge where crx is maximum and T is the equally distributed shear stress.
1)e follows from Equation (15) and 1)s is the reduction factor for pure shear and
can be read from a chart in reference 19, being based on a formula derived in
reference 27. As explained more fully in reference 26, the reduction factor 1)se
should be applied to the buckling stress for the associated elastic case, that
is the elastic case with the same strain distribution as the plastic case ..
In reference 28, plastic reduction factors have been derived for clamped
plates, clamped flanges and simply supported flanges under eccentric compression
in their plane, including bending.
All these formulas are reliable for materials as aluminum, magnesium or
titanium, but will probably be too conservative if for steel plates in part of
the plate the stresses are at the lower yield pbint, as e~lained in the pre-
ceding.
Buckling of Built-Up Columns and Bridge Portals
Some simple formulas could be incorporated in the code for calculating the
buckling load or effective slenderness ratio of built-up columns. As derived
in reference 10 by the writer's method of split rigidities, for a simply sup-
ported column consisting of q single columns connected by batten plates, the
effective slenderness ratio is given by:
=
where
rt = .JIt/A
L = theoretical length of column
A = qAs = total cross section
As = cross section of single column
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It = moment of inertia, neglecting the proper moments of inertia of the
single columns
c center-to-center spacing of batten plates
Co = free length of single columns between batten plates
rs = radius of gyration of single column
e = distance between axes of single columns
h = (q - l)e
v = translation of outside single columns from unit shear force in a
Ibatten plate
~. = n/(n - l)if the number n of spacings c between batten plates is
even; ~ = (n + l)/n if n is odd; ~ = 1 if the end batten plates are
half as stiff as the intermediate batten plates.
In reference 10, formula (17) was compared to the exact formula, derived in ref-
erence 29, which showed that it is conservative and sufficiently accurate. As
compared to other approximate formulas, as given in references 30 and 31, it has
the advantage of not reducing to an infinite effective slenderness or a zero
buckling stress for vanishing rigidity of the batten plates (v = 00), but to L/rs ,
the slenderness of the single columns, as it should.
In a similar way, in reference 10, a formula was derived for latticed struts,
consisting of two single columns coupled by diagonals or diagonals and verticals.
It may be written as
where
Pt =
=
L (18)
h = distance between axis' of single columns
s = fictitious transverse shear force required to cause a unit angular dis-
tortion of the latticing, For example, for a latticing consisting of
diagonals in the form of a Warren truss, S = E Ad sin2 a cos a, where
Ad is the cross section of the diagonals and a is the angle between
diagonals and column axis.
The other notati0ns are similar to those given for the column with batten plates.
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As shown in references 10 and 32, in finding the effective length of a
column, one should investigate whether during buckling the external compressive
forces do not change their direction. For example, in Figure 5a, during buck-
ling the direction of the imposed load P does not change, so that the effective
length £ = 2L. However, in the case ,of Figure 5b, the direction of P changes
during buckling (pI), so that the effective length £ ma~ become several times
the length L.
On the other hand, if the end portal of a through bridge buckles, the com-
pressive forces P will rotate over an angle ~ of about (0.9 - r) times the ro-
tation a of the end posts (Figure 6), where r is the ratio ,of the total vertical
load that ,is transferred to the upper joints of the main trusses. This greatly
reduces the effective length of the end posts as compared to the case where the
forces P would not rotate.
The writer has no time available for making other remarks, but may refer
to the German specifications, given in DIN 4114, Stabilitatsfalle, 1952.
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IV. 'i'HE INFLUENCE OF RESIDUAL STRESS ON THE
STRE.NGTH OF STRUCTURAL MEMBERS
by
Robert L. Ketter
,Concerned primarily with the stability of "as-delivered," rolled, struc-
tural steel shapes of the I or WFtype, this discussion considers the influence
of residual stresses on the load carrying capacity of compressed members. Both
the pure axial load case and that of combined thrust and bending due to end mo-
ments, eccentric or lateral loads, etc. ~ave been included. While the procedures
. presented could be extended to include as a basic material property the influence
of a curved type of stress-strain relationship (in addition to the apparent non-
linearity due to residual stresses) the numerical work involved in' obtaining
equations or graphs similar tO,those shown herein would be much greater.
It should be noted at the outset that the problem under consideration (that
is, the condition of stability being discussed) is that of "excessive bending. 11
For the axially loaded member, a limiting case of the generalized beam-column,
the first possibility of lateral deformation from the straight eqUilibrium posi-
tion will be considered. As has been demonstrated both analytically and experi-
mentally, this initiation of bending at the tangent modulus load is a lower
limit to the true carrying capacity of the member~1),(2),(3),(4),(5)* Further,
for most "as-delivered" rolled shapes it reJ?resents a good approximation to the
actual maximum load the member can sustain.t4 )
For the case of combined bending and thrust, the problem is somewhat dif-)
ferent in that it is necessary to determine the maximum load in a bent config-
uration. Indifference with regard to equilibrium in the deformed position (as
load is held constant) is then the criterion of the solution. Because of the
manner in which loads "get into a structure," bending moments are present in
most members. The problem of importance then is more often the second of the
tvlO.
The problem of lateral torsional types of instability are not included in
this presentation. These types of'problems are considered by a different re-
search committee of the Council. 'It should be pointed out, however, that for a
majority of cases encountered in building construction the members are lateral-
ly restrained by wall systems, etc. For these and other cases where adequate
lateral support is provided, the results presented herein directly apply.
As pointed out by the first speaker this morning, when discussing problems
of stability (ot more often--lack of stability) one must talk about uitimate
*Numbers in parenthesis refer to list of references at the end of the report.
67
loads rather than working loads. CorrespondinglY,'when considering such members
in actual structures, the ultimate loading behavior of the structure as a whole
,must be investigated. A column may be elastically restrained by adjoining mem-
bers at the working load, but these restraints (due to yielding) may be absent
as the ultimate load of the structure is approached. Such a member is then ef-
fectively pin-ended at this ultimate load situation and should be considered as
such when determining the carrying capacity of the structure.
Residual Stresses
The existence of residual stresses in structu~al shapes has been known for
many years. As a result of early recognition, in the late 1940's, of the im-
portance of the residual stress effect on column ~ehavior, Column Research Coun-
cil initiated work on the investigation of the influence of this variable. One
such study sponsored by the Council and others has been underway for the past
four years at Lehigh University. Research Committee A has actively directed the
work. Certain of the results of that study will be included in this presentation
in order to arrive at a suitable approximation to be measured residual stress
distributions.
Residual stresses may be the result of a number of causes. The primary ones
of these are as follows:
1. differential cooling during and after rolling,
2. cold bending,
3: various erection procedures, and
4. welding.
In general, cold-bending. will result in a magnitude and distribution of tllocked-
in" stress whose influence is less than that due to cooling. (4) Therefore, this
condition will not be considered in this discussion. Case (3), erection proce-
dures, is too much an individual matter to be discussed in detail. "Built-up"
members fabricated by welding (case 4) is also not included since insufficient
test data is available to quantatively discuss the magnitudes of the developed
stresses. It has been observed, however, that these stresses may be larger than
those found in geometrically similar rolled shapes. (5)
The types of residual stresses to be considered in this report then are
those due to differential cooling.' For the analytical work it will be assumed
that these stresses have complete axial sYmmetry.
In Figure (1) is shown the measured residual stresses for ten (10) tlas _
delivered" rolled WF shapes. (6) While the majority of' these members are of the
column type, two (2) beam sections are included. The column sections ranged in
weight from a 13 lb/ft (4WF13) member to one of 426 lb/ft (14WF~26). The two
beam members are the 14WF43 and the 36WF150. The residual stress measurements
were determined by a sectioning process which relieved the "locked-in" stresses
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and thus gave an indication of the original value. (7) Readings were made over
a 10-inch gage length sufficiently removed from the ends to exclude the possi-
bilityof "end effects. II
As indicated, in all cases the resjdual stresses at the flange edges are in
compression. This is as would generally be expected due to the fact that the
rate of cooling is greatest in these regions. The distribution of the residual
stress across the flanges is of a general parabolic form and in most cases has a
-tensile residual stress value at the flange center. Web patterns are quite er-
ratic. It should be remembered, however, that in column buckling the moment of
inertia of the section is of primary importance. Since, as compared to the flan-
ges, the web contributes relatively little to this quantity (either for strong
or weak axis), the pattern over the web is not of major concern.
Consider, first of all, the magnitude of the maximum compressive residual
stress at the flange edges. Relating this stress to the minimum allowed speci-
fication yield stress level (33 ksi), Figure (2) is a histogram of the frequency
of occurance versus the ratio crRC/cry, where
crRC = maximum compressive residual stress
cry = yield point stress (33 ksi).
Twelve specimens were considered: the ten shown previously in Figure (1) plus
a junior beam and an additional column section. While it is conceded that there
are too few data to go into any rigorous statistical consideration of the in-
formation, the sampling was sufficiently random to give a fair indication of the
general trends to be expected. Work is currently underway to include a larger
amount of information in such ~ histogram.
As shown by the small arrow, the mean value of the compressive residual
stress at the flange edges is approximately 0.35 cry. The open arrow indicates
that value of stress assumed in all of the calculations that follow. To afford
a better feeling of the magnitudes of the stresses involved, there has been in-
cluded an ordinate crRC measured in kips per square inch.
Attempts were made to determine a non-dimensional parameter which governs
the magnitude of this ~ximum compressive residual stress. Figure (3)(4) re-
lates this stress in a non-dimensional form to the parameter (b/t)/(d/w); where
b = flange width,
t = flange thickness,
d = depth of section, and
w = web thickness.
Because of the manner in which members are placed on the cooling bed after rol-
ling, one would not expect to get too good a correlation with a given parameter.
There does, however, seem to be a trend that as the ratio of (b/t) to (d/w)
increases, so also increases the magnitude of the maximum compressive residual
stress. (It should be noted from the spacing and general location of the var-
ious members on this plot that the sampling was quite random.) Here again is
shown by the open arrow the value assumed in the calculations.
As an approximation to the actual measured residual stress distributions
shown in Figure (1),. assume that the value of the maximum compressive resIdual
stress is
=
and further that a linear variation in the stress occurs between the flange
edg~s and the'flange center. The web stress will be assumed to be constant at
the, value of the maximum tensile stress in the flange (at the flange center).
The correlation of this assumption with actual'measurements for the 0031 sec-
tion is shown in Figure (4). It should be pointed out that this is a differ,
ent 8WF31 measurement than that shown in Figure (1). O~viously, such an as-
sumeddistribution cannot match all cases as well as it does this one.
, If the distribution of residual stress is assumed as described above with
aRC being the maximum compressive residual stress at the flange edges and aRT
being the maximum tensile residual stress at t~e flange centers, ~hen from
equilibrium of resulting residual forces it can be shown that
(1)
Aw and AF are the web and flange areas respectively of the section in question.
\
Buckling of Axially Loaded Members
For a member containing residual stresses, it is possible to obtain an
average stress-strain curve for the section as a whole. From the analytic ex-
pression defining this relationship the tangent modulus could be determined
which would include the variable residual stress. This would be' accomplished
by SUbjecting_the section, to a general strain (E) greater than that required
to start the flange edges to yield due to the combined residual and applied
stresses. The average stress, (aAVE = pIA), would then be written as a func-
tion of this strain and by differentiating with respect to E the tangent mod-
ulus would be obtained. (It should be noted that.the material is assumed to
have an idealized elastic-totally plastic stress-strain relationship. Tests
of coupons of rolled shapes indicate that this is true forA-7 type mild struc-
tural steel members. The method of solution, however, could be extended to
other types of materials having basically different properties.) The governing
equations are then
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[2(~\ (~)2= 1- \cry ( cry Aw+-A ~;) ... (2)
and
Et
E
+.&l
A
where
A = total area of cross-section and
€y = unit strain corresponding to initial yield.
The curves which would result from assuming AF/Aw = 1.0, 2.0, and 3.0 are shown
in Figure (5) for the case crRC/cry = 0.3.
The attainment of the full yield stress (crAVE/cry = 1.0) at a value of Et/E
greater than zero is a direct result pf the assumption of the residual stress
distribution. This can be seen by considering a combination of the assumed re-
sidual stress pattern and a stress due to an applied external load. In all
cases the entire web will remain fUlly elastic until'the instant the yield load
is realize~. Only then will it yield (and as a complete unit). Referring to
Figure (1), it shGuld be observed that only in the very exceptional case will
this actually be the case. In general, certain parts of the web will yield be-
f,ore others with the end result that the value of the tangent modulus will ap- "
proach zero as the average stress approaches the yield stress level.
(4 )
the cross-section
are self balancing
to (2) and (3)
assuming that
stresses that
corresponding
=
crAVE
cr'y
This same end effect could be realized by
consists of two flanges which contain residual
(i.e. crRC = crRT)' For this case the equations
would be
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and
3.
E
=
As before (assuming that GRC = 0.3 Gy), the stress-strain and tangent modulus
curves are as shown in Figure (6).
Regarding the use of these c~rves (Figures (5) and (6)) in predicting the
buckling load of a given column, it should be realized that these are apparent
tangent modulus values, ones that would be obtained from a stub column test of
a member which contained the assumed residual stress distribution. The materi-
al itself would have the full value of Young 1 s modulus, E, in the regions of the
section that are elastic but would have a zero value in the yielded zones. The
values of Et/E given in Figures (5) and (6) are therefore only measures of the
elastic area of the section as compared to the total area. It should here be
emphasized, however, that it is the moment of inertia that influences the buck-
ling load--not the area. For this reason there will be a difference in the re-
sulting column curve (even in a non-dimensional form) should buckling occur
about the strong or abbut the weak axis of a section.
For buckling about the strong axis of the member, there exists a linear
relationship between area and the moment of inertia. (This would be exactly
true for the member composed only of flanges as in Figure (6) and would be a
good approximation for a "real" wide-flange shape of the type shown in Figure
(5) .') ThE:! tangent modulus load for this case is then
.
, where
px-x
t = (Strong Axis Buckling) (6)
T
= tangent mo~ulus load about the x-x (strong) axis,
= Young's modulus of Elasticity,
= total moment of inertia of section about x-x axis,
effective length qf the member, and
= Et/E, from Figures (5) or (6).
I
In terms of stress, non-dimensionalized with respect to the yield stress, (Gy),
(Strong Axis Buckling)
For buckling about the weak axis, the moment of inertia varies as the cube
of the area. (Here again, this would be exact for t~e section which consists-
only of flanges and would be an approximation for a "real", shape.) The buckling
equation is then
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where
pY-y
t
~2ElY-y (T)3 ... (Weak Axis Buckling)
(kL)2 (8 )
pY-y = tangent modulus load about the y-y (w~ak) axis, and
t
I Y-y = total moment of inertia of section about the y-y axis.
Non-dimensionalizing as before
(Weak Axis Buckling)
Using equations (7) and (9) and the stress-tangent modulus curve of Figure
(6) it is possible to obtain column curves in terms of the parameters crt/cry and
O;(kL/r), where
0;
These column curves are ,shown in Figure (7). As expected, the non-dimensional-
ized weak-axis solution is the more severe and is approximately a straight line
from cr/cry = 0.7 on the Euler curve to'cr/cry = 1.0 at kL/r = O. The strong,axis
column curve in the range in question has a general parabolic form.
'Maximum Carrying Capacity of Beam-Columns
As was pointed out earlier, the problem of determining the maximum carry-
ing capacity of a member subjected to combined bending and thrust is basically
different from that which occurs in the case of an axially loaded member. As
shown in Figure (8), an eccentrically loaded member will start to bend at the
first increment of load application. As loads are increased, deformations con-
tinue at an increas~ng rate. Assuming that the material is infinitely elastic,
the maximum load the member can theoretically sustain is the Euler load. Mater-
ials, however, are not infinitely elastic and at some point on this load-deforma-
tion curve the stress at the centerline section reaches the yield point of the
material. For further increases in load application above this value, deforma-
tions increase at a much greater rate due to the relative decrease in stiffness
at the yielded sections. Eventually a point is reached for which further in-
creases in l~ad are impossible and the maximum load has been reached. The mem-
ber then becomes unstable.
Various graphical, semi-graphical and analytical methods have been proposed
for the solution of this problem. For illustration, however, only that one pro-
posed by Jezek(8) will be considered.
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If it is assumed that
1. xhe member is rectangular in cross-section,
2. lateral 'deformations can be approximated by a sine curve controlled in
magnitude by the curvature at the centerline section, and
3. an idealized elastic-;plastic stress-strain relationship,
then it is possible to define the load deformation relationship of the membe~
in question and thereby determine the critical load. This would be carried out
in the following steps:
1. Assume a general stress distribution across the section,
2. For this distribution, write the equation for curvature (a function of
the strains) as a function of the moment and thrust acting on the sec-
tion,
3. Assuming a sine type of deflection curve, determine the curvature at
the centerline section by differentiating,
4. Equating'the curvatures of 2 and 3, noting that the moment at the center-
line section is ,not only a function of the applied moments but also due
to the thrust times the lateral deflection, a relationship can be ob-
tained for load versus deflection.
5. This load deformation expression can be maximized to determine the
critical load.
For the rectangular section the resulting equations are
&
= 3(1 -:)[1 -~]My
and
& " ~[1 (:;)2 1W1 ...My
(10)
(11)
depending on whether the member yielded just in compression or both in tension
and compression. In equations (10) and (11) . I
Mo = end moment,
~ = moment corresponding to initial yield in the absence of axial thrust,
74
P = axial thrust,
/
= axial thrust corresponding to initial yielding in the absence of
bending moments, (i.e. Py = Acry), and
.!!:L (L)2
rc2E r
The parameter "(3":LS a non-dimensional form of the slenderness term which en-
sures that the intersection of the Euler curve and the yield value always occur
at a value of ~ = 1. O. Relating this parameter to the "a" used previously'
Column interaction curves of equations (10) and (11) are shown in Figu~e
(9). The boundary between the two equations is shown as a dashed line and is
defined by the equation
= (12)
The first expression hol~s to the left of the dashed line, the second to the
. right.
Interaction curves of the type shown can also
critical loading of eccentrically loaded members.
eccentricity of load application, then
Me = (p) (e)
or
be used to determine the
If "e" is defined as the end
That is, a straight line on the interaction curve describing equation (13) will
intersect the slenderness curve in question at the critical value of thrust.
The procedure described above for the rectangular cross-section could be
extended directly to the wide-flange case, however, instead of two equations de-
fining two regions there would be five equations. To overcome this difficulty
Jezek proposed the use of an approximate modification factor that would indirect-
ly relate the stiffness of the section in question to that of the rectangle.
Bijlaard, Fisher and Winter(9) have refined these values.
Since it is the purpose of this presentation to consider the influence of
residual stress, it is necessary to use the basic approach as outlined by Jezek.
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The exceptions that will be made are
1. the moment-thrust-curvature relationships will not be given in explicit
analytical form but will rather be defined graphically, and
2. load-deformation as well as deflection relationship along the member
will be determined by numerical integration of appropriate curvature
values,
In reference (10) there is described and demonstrated a general method for
graphically determining the relationship between moment, M, thrust, P, and curva-
ture,¢, for any given type of cross-section having as an axis of symmetry the
plane of the applied moment. M-P-¢ curves were given in that report for the
8WF31 section. These include the influence of the residual stress shown in Fig-
ure (4).
Figure (10), reproduced from reference 10, shows the moment-curvature rela-
tionships for constant values of axial thrust ranging from 0 to 0.8Py in 0.2Py
intervals. The upper curve in each case is that neglecting residual stress.
The lower takes into account the influence of the initial stress pattern. All
quantities have been non-dimensionalized with respect to initial yield values.
Using these curves it is possible to numerically integrate and obtain load-
deformation relationships for any given system of loads. It will be appreciated
that this is a time-consuming undertaking.
For a beam-column loaded with a thrust and equal end moments, Mo, which
produce single curvature in the member, the resulting curves of ultimate strength
including residual stress are as shown in Figure (ll~{ll) It was assumed that
the yield strength was Oy = 33 ksi. The curves , however,. can be used for other
materials by using an adjusted slenderness ratio
(14)
To give an indication of the influence of residual stress on the ultimate
strength of such members, Figure (12) gives the interaction curves for two slen-
derness ratios; L/r = 80 and 120. In each 'case three curves are shown. The up-
per solid line is the collapse or maximum load curve neglecting residual stress.
The lower solid line includes this variable. 'Ene range affected is shown cross-
hatched. The dashed line is the elastic limit solution. It should be observed
that for higher values of axial thrust the initial yield solution may be unsafe.
Possibly a better indication of the seriousness of not considering residual
stress can be seen from a consideration of column curves. Figure (13) gives such
curves for an ec/r2 = 0.1. The same three comparisons are made. Here again it
is seen that for a major range of slenderness values, the secan~ solution is
unsafe as compared to the collapse solution including the influence of residual
stress.
Thus far we have considered syrr~etrical types of loading and deformation.
The method of solution, however, is general and in Figure (14) is given the in-
teraction curves for the 8wF3l member subjected to an end moment applied at one
end only, while the other end is held pinned. (11) Because of the'relatively
small influence of slenderness ratio at lower values of Llr the curve for Llr =
20 has been omitted.
Figure (15) corresponds to Figure (12) and as pefore the shaded region in-
dicates that area affected by residual stress. Contrary to what might at first
.consideration be assumed, residual stresses of the type being studied have a
more pronounced relative ~nfluence on the strength of these members than they
did on the symmetrically deformed ones. It will be noted that the relative
spread of the shaded areas is larger. This 'is not to imply that the member is
weaker when moment is applied only at one of its ends but rather that residual
stresses seem to have a relatively bigger influence for such loadings.
The actual strengths of the members are best compared in Figure (16). Here
for the same slenderness ratios that were previously considered (L/r = 80 and
120) have been reproduced the collapse interaction curves. Each case must yield
the same solution when Mo = 0 and this is seen to be the case.
Summarizing, we have for the past few moments been considering the influ-
ence of residu~l stresses on the strength of structural members. For axially
loaded, p'in-ended columns) general solutions were presented which include the
influence of an average cooling residual stress distribution~ For the beam-
column problem, two conditions of loading were assumed: one which results in a
symmetrical deformation due to a syIDmetrical distribution of applied bending
moments, and the other--moment applied at one end of a member while the other
end is held pinned. Due to the ~arge amount of time required to obtain a solu-
tion to, these problems, only one cross~section was considered, the 8wF31. This
,member, however, has one of the lowest shape factors of any of the sections rol-
led and should therefore result in safe usage for other sections.
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Figure 6 STRESS-STRAIN AND TANGENT MODULUS CURVES FOR
IDEALIZED WIDE-FLANGE SHAPE CONTAINING RESIDUAL
STRESS
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Figure 7 COLUMN CURVES FOR IDEALIZED WIDE-FLANGE
SHAPE CONTAINING RESIDUAL STRESS
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Figure 8 LOAD DEFLECTION RELATION FOR ( )
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Figure 9 ULTIMATE S1RENGTH INTERACTION CORVES FOR RECTANGULAR CROSS-SECTION,
BEA1~-COLUMN SUBJECTED ro EQUAL END MOMENTS
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Figure 10 M-¢ CURVES FOR 8WF31 SECTION INCLUDING THE
INFLUENCE OF RESIDUAL STRESS, (0RC=O. 3Oy)
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Figure 11 ULTIMATE STRENGTH INTERACTION CURVES FOR W'F-$ECTION
BEAM-COLUMNS SUBJECTED TO EQUAL END HOMENTS (11)
(Including Innuence of Residual stress)
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Figure .12 INTERACTION CURVES FOR TWO SLENDERNESS RATIOS
SHOWING INFLUENCE OF RESIDUAL STRESS
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Figure 13 COLUMN CURVES FOR ~1a=0.1 SHOWING INFLUENCE
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Figure 14 ULTIMATE STRENGTH INTERACTION CURVES FOR WF SECTION
BEAM- COLUMN SUBJECT TO MOMENT AT ONE END ONLY (11)
(Including Influence of Residual Stress)
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Figure 15 INTERACTION CURVES FOR TWO SLENDERNESS RATIOS
SHOWING INFLUENCE OF RESIDUAL STRESS
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Figure 16 ULTIMATE STRENGTH INTERACTION CURVES FOR TWO
SLENDERNESS RATIOS SHOWING nIFLUENCE OF-LOAD-
ING CONDITION· (Including Inrluence or Re-
sidual Stress)
96
